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Preface 


A new dimension has been added to the theory and practice of manage- 
ment during the last two decades. It is characterized by the availability 
and application of mathematical and quantitative models for purposes of 
analyzing and solving management problems. Most of the theoretical 
literature in, and practical applications of, this new dimension have come 
from pioneers in the field of operations research and/or management 
science. Having realized that the descriptive aspects of management 
had already reached a plateau of development, management scientists 
proceeded to evolve a theoretical framework which has given new life and 
vigor to this field. As a result, we now have access to a number of power- 
ful optimizing methods and techniques which are helpful in solving a wide 
range of business and management problems. The area of inventory 
management, for example, has been subjected to intensive theoretical as 
wellas practical research. Inventory models with different assumptions 
regarding demand and lead-time conditions have been built to solve the 
ever-present problems of “how much" and “when” to order or produce. 
Other representative examples include allocation models, replacement 
models, waiting-line models, and the like. Of these, allocation models 
are of special interest to the economist, for their central theme is the 
same as that of economie theory, namely, the allocation of limited 
resources to competing candidates or activities. 

Linear programming is a subclass of allocation models. It is a method 
of allocating scarce resources to competing activities under the assump- 
tions of linearity. In linear-programming problems, both the objective 
function and the constraints are assumed to be linear. In other words, 
linear programming deals with problems whose structure is made up of 
variables having linear relationships with each other. Within the frame- 
work of such allocation problems, linear programming is used either to 
maximize or to minimize a given objective function. 

The credit for developing the first general method for solving linear- 
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programming problems is usually given to Prof. George B. Dantzig. 
The first formal presentation of the simplex technique was in the form 
of a paper published by Professor Dantzig in 1951. Although a number 
of modifications and extensions of the simplex method have been devel- 
oped since then, the original technique remains the most general approach 
to the solution of linear-programming problems. Its importance is 
further enhanced when we realize that specialized forms of this basic 
simplex method, such as the transportation and assignment models, lend 
themselves to some important industrial applications. 

Linear programming is only one aspect of what has been called a 
“systems” approach to management wherein all programs are designed 
and evaluated’ in terms of their ultimate effects on the realization of 
business objectives. This approach recognizes the multiplicity of objec- 
tives in decision making and identifies the dangers of suboptimization. 
In addition to its emphasis on the overall objeztives of the business 
organization, this approach is characterized by the fact that it views 
business problems in terms of building, manipulating, solving, testing, 
and applying decision models. Furthermore, it employs a quantitative 
analysis distilled from and based on the descriptive and qualitative 
aspects of management problems. That this approach is yielding signifi- 
cant dividends is evidenced by its increasing acceptance and use in indus- 
trial, government, and academic circles. A number of universities and 
colleges, for example, have already introduced courses in the field of 
operations research and management science. 

Colleges of business administration, in particular, are developing their 
curricula with a three-way emphasis. First, a set of courses is designed 
to provide theoretical foundations based on economic theory, statistics, 
operations research, and behavioral Sciences. Second, functional 
emphasis is provided through such courses as production, finance, and 
mark ting. Third, there are courses which acquaint the students with 
such institutional factors in our society as legal and governmental aspects 
of management. The movement exemplified by this three-way emphasis 
is beginning to gain momentum. If the present trend continues, & course 
in operations research or linear programming will probably be an integral 
part of the business-administration curriculum in the very near future. 

Linear programming may appear to be of limited value, owing to its 
reliance on the assumption of linearity. However, & number of practical 
problems are of such a natura that the assumption of linearity is close 
enough to reality. An understanding of linear programming can provide 
the executive with a powerful tool for decision making. Furthermore, 
in’so far as linear programming is an integral part of management science, 


Preface ix 


a knowledge of this field orients the student toward analytical thinking. 
In view of the competitive conditions prevailing in business and industry 
today, business-administration as well as engineering students must be 
exposed to the philosophy, techniques, and economic interpretation of 
linear-programming methods. Although a number of books in the area 
of management and industrial engineering have dealt with this subject, 
most of these seem to get involved in mathematical exercises beyond the 
scope of many students. The use of mathematics, as such, is perhaps 
desirable for giving the student a clear insight to linear programming. 
It should, however, be deferred until the time when a student can grasp 
the meaning, the mechanics, and the exact nature of basic linear-program- 
ming problems. In the opinion and experience of this author, two things 
stand in the way of increased student understanding and acceptance of 
this area. First, no text has attempted to integrate clearly the various 
approaches, such as the systematic trial-and-error method, the vector 
method, and the simplex method, to the solution of simple linear-pro- 
gramming problems. As a result, the student is not able to integrate his 
visualization process with his computational type of learning. Second, 
students seem to face a learning barrier because no presentation of the 
simplex method has made an explicit and persistent attempt to tie 
together the linear equations representing the problem, their physical 
relevance, and the economic interpretation and policy implications of the 
optimal solution. This author has attempted to remove these impedi- 
ments by emphasizing both the mechanics and the economic interpre- 
tations of linear programming throughout this text. 

The purposes of this book, then, are to identify the place of linear- 
programming problems within the broad field of operations research, to 
provide a clear understanding of the simplex algorithm through the solu- 
tion of linear-programming problems by various methods, and to explain 
the relationship between the simplex, transportation, and assignment 
models. The text will have achieved its objective if it acts as a catalyst 
to a broader understanding, acceptance, and use of quantitative models 
in dealing with business and management problems. 

This book has been written primarily for the beginning student in 
linear programming. Valuable suggestions from many of my students 
have, indeed, become part and parcel of this volume. In particular, I 
wish to thank Herbert E. Ehlers, James M. O'Brien, Jr., and Captain 
Frederick G. Tripp. 

Iam deeply indebted to Dr. Alan S. Foust, Dean of the College of 
Engineering, Lehigh University, for his valuable suggestions on the 
organization of this book. Partieular thanks are due to Dr. Elmer C. 
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o 

Bratt, Head of the Department of Economics; Dr. Herbert M. Diamond, 
Acting Dean of the College of Business Administration; and Dr. Glenn J. 
Christensen, Provost and Vice President of Lehigh University, for pro- 
viding the time and encouragement to complete this project. 

Finally, I wish to acknowledge the help of Mrs. Charlotte Bradley, 
Mrs. Helen Green, and Mrs. Margaret Clauser, who patiently typed 
several revisions of the original manuscript. 


N. Paul Loomba 
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1.1 INTRODUCTION 


Linear programming, although of recent origin, has already demonstrated 
its value as an aid to decision making in business, industry, and govern- 
ment. Determination of facility or machine scheduling, distribution of 
commodities, determination of optimum product mix, and allocation of 
labor and other resources are but a few examples of the type of problems 
which can be solved by linear programming.* Briefly, linear program- 
ming is a method of determining an optimum program of interdependent 
activities in view of available resources. The term linear implies that 
all relationships involved in the particular problem which can be solved 
by this method are linear.[ The term programming refers to the process 
of determining a particular program or plan of action. 

A linear-progra;nming problem arises whenever two or more candidates 
or activities are competing for limited resources and when it can be 
assumed that all relationships within the problem are linear. For 
example, let us assume that we are to determine a production “program” 
involving three different products, say X, Y, and Z, each yielding a 
Specific profit contribution per unit. Assume further that the manu- 
facture of each product requires some given processing time in each of, 


* Robert O. Ferguson and L. F. Sargent, “Linear Programming," pp. 10-11, MeGraw- 


Hill Book Company, New York, 1958. E 
T See Appendix I for the meaning of linear relationships. 
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say, three different manufacturing departments.* The products X, Y, 
and Z, in this case, are the candidates, and the three manufacturing 
departments are the resources. Obviously, we want to design that pro- 
gram which will maximize contributions to profit. This type of objective 
is usually quantified and becomes what is called an objective function. 
Assumption of linearity implies that it is a linear objective function. 

In so far as it is assumed that the current capacity of the three manu- 
facturing departments is not to be expanded during the given time period, 
the capacity of the resources, although known, is limited. This type of 
limitation or specification is expressed by saying that a set of structural 
constraints is given in the problem. Assumption of linearity implies that 
such a set is a set of linear constraints. Furthermore, a production 
program, by definition, must be such that a particular candidate is either 
included in or excluded from the program, This means that negative 
production, which has no physical counterpart, is not permitted in the 
solution of a linear-programming problem. This obvious fact is made 
an integral part of the linear-programming problem by stating a sct of 
so-called ‘‘nonnegativity constraints." 

The above remarks regarding some of the terminology employed in 
describing a typical linear-programming problem are only for introduc- 
tory purposes. The exact nature of linear-programming problems and 
their solutions will become clear as we cover the material presented in 
Chapters 2 through 7. 

The main purpose of this book is to present various methods of solv- 
ing linear-programming problems and to provide economic interpre- 
tation, wherever possible, of the various components of the solution 
stages. However, to provide the reader with a broad picture of the 
place occupied by linear programming in the area of operations research 
and/or management science, this chapter first presents a brief history of 
the evolution of modern management (Section 1.2). An attempt is then 
made to define operations research and to identify its role in decision 
making (Section 1.3). This is followed by a discussion of the process of 
decision making (Section 1.4) and a brief discussion of models and model 
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building (Section 1.5). ‘The last section of this chapter is devoted to a 
brief description of some well-known operations-research models. Some 
familiarity with these topics will enable the reader to understand the 
role and limitations of linear programming. 


1.2 EVOLUTION OF MODERN MANAGEMENT 
The Functional Approach 


Management may be defined as the process of coordinating available 
resources to achieve economic, political, social, and other objectives. 
In this sense, the “practice” of management is as old as the history of 
man, for one cannot conceive of any practical set of circumstances wherein 
the need for employing available resources to accomplish certain objec- 
tives is not present. Nevertheless, for purposes of providing a concrete 
starting point for describing the evolution of management, it is usually 
claimed that it was during the period of the industrial revolution that 
the practice of scientific management first produced any significant results. 
As a matter of fact, the very development of the factory system of produc- 
tion may be ascribed to the application of scientific management based on 
the principles of division of labor and specialization. In retrospect, we 
can also observe a parallel development in the “theory” of management, 
exemplified by the writings of Charles Babbage in the early part of the 
nineteenth century and later followed by the work of men such as Frederic 
W. Taylor, Henri Fayol, Frank Gilbreth, and Henry Gantt. 

Inevitably, with the passage of time, the developing theory and the 
increasing practice underwent a process of action and reaction. This 
gave birth to what is now known as the scientific-management movement. 
Operations research, management science, and associated theoretical 
developments in the field of management are the present-day culmination 
of this movement. 

Taylor, Gilbreth, Gantt, and other pioneers of scientific management 
observed that, during most of the nineteenth century, considerable 
advances had been made in the design and utilization of specialized 
machines and tools. This phenomenon, furthermore, had been accom- 
panied by an increased productivity on the one hand and the develop- 
ment of larger business organizations on the other. These pioneers soon 
recognized that, in order to gain further improvements in economic 
operations, the principle of specialization, already operating in the manu- 
facturing activities, should be extended to the sphere of management 
activities. Taylor worked on this idea and developed what is known as 
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Taylor's functional organization. This particular form of organization 
was based on the argument that if the worker was to get expert advice 
in the performance of his varied tasks, such advice, of necessity, must come 
from several different specialists, for there are natural limitations on the 
capabilities of any single person in terms of becoming a specialist in more 
than one area. Taylor, therefore, suggested that production activities 
be organized in terms of functions to be performed, and that each worker 
be under the supervision of, and accountable to, more than one foreman. * 
Since this form of organization violated the principle of unity of command, 
it did not prove to be of lasting value in practice. However, it did provide 
the impetus for the development of the line-and-staff type of organization 
which is the predominant form of business organization today. 

The purpose of the line-and-staff type of organization was, obviously, 
to provide the advantages of Taylor's functional emphasis without saeri- 
ficing the unity-of-command idea. Along with this new form of industrial 
organization, continuous efforts were made to evolve better methods for 
solving other management problems. Subsequent developments in the 
field of management show that it was the functional specialization of the 
separate parts, rather than the management system as a whole, that 
received foremost attention from management theoreticians and prac- 
titioners during the early decades of this century. George D. Babcock, 
for example, developed mathematical formulas in 1912 for determining 
economie lot sizes.} Merit rating systems and techniques of job analysis 
were developed during World War I. Frank and Lillian Gilbreth made 
notable contributions to the psychological aspects of management and 
developed principles of motion study. Henry Gantt introduced the use 
of schematic charts for purposes of scheduling and controlling production. 
To this day, most of the visual devices used to control production are 
based on the concepts contained in Gantt charts. 

The increased use of industrial cost accounting, better methods of 
budgeting, standard costing, long-term forecasting, and work simplifica- 
tion are” some of the other developments which took place during the 
1920s. Statistical quality control, based .on the theory of probability, 
was introduced during the 1930s. Walter Shewhart published his famous 
paper "The Economic Quality Control of Manufactured Products" in 


*In the specifie organization plan advanced by Taylor there were eight foremen 
exercising sdpervision:over the workers. Of these, four foremen controlled the “plan- 
ning" activities of time and cost, instruction, discipline, and order of work, while the 
other four supervised the “performance” j i 


repair, and set-up. activities of speed, progress, inspection» 
1 George D. Babcock, “Taylor System in Frankli i i 

g » “Tay y inM » 5, E ering 
Magazine Company, New York, 1917. e igs a 
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1930 and laid the foundation for the modern use of statistics in operations 
analysis. The introduction of work sampling for determining work stand- 
ards was another important addition to the increasing number of manage- 
ment techniques being developed during the middle and late, thirties. 
In summary, the industry by now had access to a number of rather refined 
tools of management. With the simultaneous use of these new tech- 
niques, business and industrial organizations were able to run their pro- 
duction systems more economically. A natural extension of this develop- 
ment was a further increase in the size of the business organization, and, 
as we shall discuss later, there arose a new class of problems—the so-called 
"executive-type" problems. These problems, then as now, are the result 
of the need for reconciling the often conflicting objectives of the different 
components of a large organization. 

The purpose of this very brief sketch of the evolution of management 
up to the beginning of World War II is twofold. First, it points up the 
fact that most of the present-day management methods are of rather 
recent origin. Second, it emphasizes that up to the early 1940s manage- 
ment techniques were developed by employing a “functional” approach 
and basically had the objective of solving functional problems. In other 
words, the main emphasis was on the objectives of the separate parts of 
the business enterprise, rather than on the overall objectives of the whole 
system. 


The Systems Approach 


The important developments following the early 1940s, in comparison 
with previous developments, may be distinguished by one specific charac- 
teristic, namely, the evidence of increasing emphasis on the overall 
objectives of the business enterprise. It is this philosophy that is con- 
tained in the so-called “systems” approach, according to which the 
business enterprise must be analyzed us a system made up of intercon- 
nected functional components. Thus, implicit in this approach is the 
conviction that before implementing any functional solution, one must 
examine its ultimate effect on the system. This type of orientation 
eventually led to the growth of operations research. 

Operations research and the advent of high-speed computers are per- 
haps two of the most important developments of the period following 
World War II. It may be mentioned that the parallel development of 
operations research and computers is not a coincidence. One could have 
only a limited value without the other. It is the availability of high- 
speed computers that has made the economie solution of large-scale 
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operations-research problems a reality. Computers have also facilitated 
the analysis and prediction of the behavior of complex production and 
economic systems by employing simulation models. * 

These developments and their modifications and extensions, needless to 
gay, will have further impact on the theory and practice of management 
in the years to come. 


1.3 OPERATIONS RESEARCH 


The availability of better management methods during the first four 
decades of this century brought profound changes to the business scene. 
Functional specialization, in both the technical and managerial fields, 
provided the means and opportunities for realizing further economies of 
scale in the production process. The net result was a phenomenal 
growth in the size of the business enterprise. Since business enter- 
prises were organized into separate components (e.g., divisions, sectors, 
and departments) having their own specific goals, there was, and 
under similar circumstances always will be, the possibility of potential 
conflict among the goals of the individual components. This state of 
affairs gave rise to the so-called “‘executive-type” problems which consider 
the effectiveness of the organization as a whole in view of the conflicting 
goals of its component units. Let us illustrate by considering the prob- 
lem of inventory control. 


ae s inventory levels is a typical executive-type problem 
m o RR ae departments of a manufacturing enterprise 
nec E. jectives. The sales department, in general, would 
ZS EN ge inventory of different products to achieve uninter- 
pted and satisfactory customer service. This clashes with the objective 
of the finance department, which would like to keep the inv x dcc est- 
merit as low as possible. Similarly, the production de m E un eae 
to Wi RN in large lot sizes to minimize prodata sek ante (ite 
would give rise to increased in-process i i ‘ f i 
capital requirements. The BEES Ae X wen d ; 7 ghor won De 
policy which will minimize the total costs Bxicist AE a eae a 
requirements of the functional departments. N um Hoc 


* Any time we attempt to approxi 
1 bran: pproximate the behavior 4 ATA à 
a abet of inary hy emplvig some desi ve we bg C ed 
tion model (see Pus (UE the dimension of sitet cim d amus 

i e ing of astre i s 

Gario tinis recone examples of res Sna gamen ad Monte 
Bee , and E. L. Arnoff, “Introducti cen . Wes urchman, 
Wiley & Sons, Inc., New York, 1957. ion to Operations Research," p. 174, John 
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examples can be given to emphasize the existence of multiple and often 
conflicting objectives for both organizations and individuals. 

Business demands on the discipline of management in the early forties 
were, therefore, different from those associated with purely functional 
problems. New methods of handling executive-type problems had to be 
developed. In addition, during World War II the need arose for solving 
some tactical and strategical military problems. These problems, in 
many respects similar to the newer problems of business management, 
were so complex that their solution required the pooled efforts of special- 
ists from several disciplines. As a result, a body of knowledge consisting 
of certain management methods, mathematical tools and techniques, and 
decision models was developed. Linear programming is only one part of 
this body of knowledge, which has come to be known as operations 
research and/or management science. 

What is operations research? There is no unique answer to this ques- 
tion. One can find a number of definitions or explanations of operations 
research in the management literature. The subject of operations 
research, for example, is sometimes introduced by listing such topics as 
linear programming, queueing theory, Monte Carlo, and inventory 
models. These techniques were developed as a result of the operations- 
research effort and have come to be associated with the name operations 
research. There are, of course, other ways to define or explain operations 
research. A descriptive definition given by Morse and Kimball* is: 
“Operations research is a scientific method of providing executive depart- 
ments with a quantitative basis for decisions under their control.” 
Saatyt gives his favorite definition: “Operations research is the art of 
giving bad answers to problems to which otherwise worse answers are 
given.” An attempt to explain operations research is sometimes made by 
listing such characteristics of its techniques as: (1) operations research 
employs a quantitative rather than qualitative approach and (2) its main 
mode of analysis is the building and using of symbolic models. Pro- 
fessor Dorfman claims that operations research is not a subject-matter 
field but an approach. To quote Professor Dorfman:{ 


According to a survey conducted by the American Management Association, more 
than 40 per cent‘ of operations analysts are engineers by training, another 45 per 
cent are mathematicians, statisticians, or natural scientists. It is only natural 
that the point of view in which these men are schooled should permeate operations 


* Philip M. Morse and G. E. Kimball, “Methods of Operations Research," p. 1, 
John Wiley & Sons, Ine., New York, 1951. 

T T. L. Saaty, “Mathematical Methods of Operations Research," p. 3, McGraw-Hill 
Book Company, New York, 1959. 

1 Robert Dorfman, Operations Research, American Economic Review, vol. 50, no. 4 
p. 577, September, 1960. DNUS 
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research. The essence of this point of view is that a phenomenon is understood 
when and only when it has been expressed as a formal, really mechanistic, quantita- 
tive model, and that, furthermore, all phenomena within the purview of science 
(which is probably all the phenomena there are) can be so expressed with sufficient 
persistence and ingenuity. A second characteristic of men of science, amounting 
to a corollary of the first, is their preference of symbolic, us opposed to verbal, modes 
of expression and reasoning. These characteristics I take to be the style of opera- 
tions research, and I define operations research to be all research in this spirit 
intended to help solve practical, immediate problems in the fields of business, 
governmental or military administration or the like. 


A working definition of operations research is advanced by Miller and 
Starr:* “. . . Operations research is applied decision theory. [It]. uses 
any scientific, mathematical, or logical means to attempt to cope with the 
problems that confront the executive when he tries to achieve a thorough- 
going rationality in dealing with his decision problems.” 

Of the various definitions examined above, the applied decision-theory 
viewpoint is most general and broadest in scope. Furthermore, con- 
sidered in this fashion, operations research need not be limited to quan- 
titative models. Instead, it becomes both a guide and a tool in the 
process of decision making discussed in the next section. 


1.4 DECISION MAKING 


Making decisions is an integral and continuous aspect of human life. 
For child or adult, man or woman, government official or business execu- 
tive, worker or supervisor, participation in the process of decision making 
is à common feature of everyday life. What does this process of decision 
makinginvolve? Whatisadecision? How can we analyze and systema- 
tize the solving of certain types of decision problems? The answers to 
these and similar questions form the subject matter of decision theory. 
Decision theory is a rich, complex, growing, and interdisciplinary subject. 
Systematized procedures which, for example, facilitate allocation deci- 
sions comprise just one of the many fruitful products of research in this 
area. Application of the Monte Carlo technique, waiting-line models, 
and replacement models are some other examples of the subject matter. 


Some Views on Decisions and Decision Making 


The universality and antiquity of decision making are obvious. Many 
different, disciplines have Sought to explain the nature of decisions and 
the process of making decisions. Philosophers, for example, have sought 


* David W. Miller and Martin K. Starr, 


“Executi eisi ions 
Research,” pp. 103-104, Prentice- ve Decisions and Operati 


Hall, Ine., Englewood Cliffs, N.J., 1960. 


Sec. 1.4 Linear Programming and Management 9 


to explain how a “good” decision is made. What is good, according to 
some philosophers, is determined by the value system of an individual. 
Given the tangible translation of an individual’s value system, the indi- 
vidual proceeds to make a rational choice to achieve his goals, Econo- 
mists have attempted to explain the consumer's decision to buy and the 
producer’s decision to sell goods and services in terms of utility. Although 
the measurement of utility poses certain complex problems, thé decision 
maker, according to economists, is supposed to proceed in & manner 
which will maximize his utility. 

Psychologists and sociologists have seriously questioned the econo- 
mist/s concept of utility maximization as a criterion in making decisions. 


' The argument is that decisions are not governed solely by market-deter- 


mined utility. Habit, tradition, and other motivational causes also have 
considerable influence on the decision maker. "Thus, one can find in the 
literature & number of interesting views on the nature of decisions and 
decision making. 


Sequential Decisions 


Other aspects of the nature of decisions and decision process are also worth 
exploring. For example, although making a decision implies coming to 
a conclusion or the termination of a process, the results of a particular 
decision may provide data for a subsequent decision. Thus decisions 
may be viewed as a means-end chain.* Vance makes the same point 
through what he calls the “Hegelian character" of decision making. 
Thus, most decisions are actually parts of a sequence of decisions. This 
is especially true of managerial decisions in which the implementation of 
decisions and subsequent control are successful only if an effective element 
of feedback is ensured. 

Because of the sequential nature of decision making, a decision should 
be made only after the effect of possible subsequent courses of action is 
considered. 


Conscious Decisions 


Decisions can be viewed as conscious and/or unconscious responses to a 
combination of external and internal stimuli. The distinction between 


* Henry H. Albers, “Organized Executive Action: Decision-making, Communica- 
tion, and Leadership,” p. 203, John Wiley & Sons, Inc., New York, 1961. 

{Stanley Vance, ‘Industrial Administration,” p. 171, McGraw-Hill Book Company, 
New York, 1959. 2 
ł Burton V. Dean, Applications of Operations Research to Managerial Decision- 
making, Administrative Science Quarterly, vol. 3, no. 3, p. 415, December, 1958.. 
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the unconscious and conscious responses is essentially in the dimension of 
time. In the case of an unconscious response, such as recoiling from a 
hot kettle, the decision process takes an infinitesimally small amount of 
time. What takes place in the human brain while such decisions are 
made is an interesting subject for the physiologists and psychologists. 
Some research on this aspect of decision making, which is essentially a 
part of the overall attempt to explain the human brain mechanism making 
decisions, has already been conducted.* More important, however, are 
decisions which are the results of conscious responses. For here the 
process of decision making takes place over a definite period of time, and 
thus analysis of the types of decisions made and an enumeration of the 
steps involved can be useful in developing a science of decision making. 
It is to assist the conscious type of decisions that most of the modern 
tools of quantitative analysis have been developed. 


Managerial Decisions 


Another way to classify decisions is to distinguish between managerial . 


and nonmanagerial decisions. In a typical business organization, for 
example, certain decisions at almost all levels of hierarchy are designed to 
affect the behavior of subordinates. 'These are what may be called 
managerial decisions. The decision of a worker to speed up his machine 
for a certain time, on the other hand, usually affects his own behavior 
only. This type of decision, then, is an example of a nonmanagerial 
decision. 


The Making and Implementation of a Decision 


The implementation of a decision is another important consideration. 
If a decision is not put into effect in a manner that will produce the 
desired results, the very effort, time, and money expended in making the 
decision are wasted. Thus the elements of acceptability and flexibility 
are extremely important in the two parts of the decision cycle: (1) the 
making of a decision and (2) the implementation of the decision. + 


Analytical Decision Making 


The analytical approach to decision making classifies decisions according 
to the amount and nature of the available information which is to be fed 


* Albers, op. cit., p. 221. 
+ Vance, op. cil., p. 168. 
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as input data for a particular decision problem. Since future implementa- 
tion is an integral part of decision making, available information is 
classified according to the degree of certainty or uncertainty expected in 
a particular future situation. With this criterion in mind, three types of 
decisions can be identified. First, there are decisions made when “future” 
can be predicted with certainty. In this case, the decision maker assumes 
that there is only one possible future in conjunetion with a particular 
course of action. This type of situation may be illustrated by considering 
a production-scheduling problem. Suppose that in a machine shop 
three jobs are to be completed by utilizing three different machines, and 
that the time required to complete each job on each machine is known. 
The problem is to assign these jobs to machines with the objective of 
minimizing production time. All the decision maker has to do in such a 
case is to consider the various combinations in which jobs can be assigned- 
and to calculate the production time associated with each combination. 
Of these, the decision maker chooses the one with the minimum produc- 
tion time. 

Second, there is decision making under conditions of risk. In this case, 
the future can bring more than one state of affairs in conjunction with a 
specific course of action. Consider, for example, that we decide to place 
a bet on the outcome of one flip of a coin. Obviously, there are only two 
possible states of the future—the coin will show either head or tail. 
Furthermore, in this case, it is possible to make an a priori statement 
about the probability of obtaining each future state. Similarly, one can 
state the probability of drawing an ace from a deck of cards, throwing 1, 
2, etc., on the roll of a die, or drawing a green chip from a bowl which 
contains, say, two green and three red chips, all on an a priori basis. In 
other cases, assuming conditions of stability and based on empirical 
results, probability statements can be made in connection with the out- 
comes of some business events. For example, marketing research may 
indicate the respective probabilities of attaining different levels of future 
sales. In any case, the characteristic of a future involving risk is that 
the probability with which a particular state of affairs will occur can be 
stated—either on an a priori basis or on the strength of empirical data. 

Third, there is decision making under uncertainty. In this case, a 
particular course of action may face different possible futures, but the 
probability of each occurrence cannot be estimated objectively. In the 
final round of a table-tennis tournament, for example, we may sincerely 
refuse to project the chances of any one player winning the match, 
Here there are two possible events for each player, win and lose, but 
because of insufficient supporting data, we may not be able to attach 
any probability values to the outcome. This simple illustration provides 
an example of an uncertain future. 


12 Linear Programming Chap. 1 
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Of the three types of futures discussed above, linear-programming 
problems fall in the category for which the future can be predicted with 
certainty. 

Regardless of the type of future faced in a given situation, the analyti- 
cal approach to decision making follows the logical sequence of steps 
which will now be explained. 

1. Formulation and statement of objectives. In a typical managerial 
problem, the manager is required to make decisions regarding the quality 
and quantity of input (in the form of human, physical, and financial 
resources) in order to achieve a certain amount of output. The achieve- 
ment of this output, the manager believes, is essential for bringing about 
a certain state of affairs which will enable him to realize his goals or 
objectives. The first step, therefore, is the formulation and precise 
statement of objective(s) which may or may not be amenable to quanti- 
fication. Ifa natural scale for measurement is available, the requirement 
to quantify is easily satisfied; otherwise the decision maker may have to 
utilize such tools as the standard-gamble* technique. 

In reference to a typical linear-programming problem, an objective 
which is to be either maximized or minimized is specified. For example, 
if the manager assumes that the profit contributions per unit of two differ- 
ent products (utilizing the same but limited resources) are fixed for the 
planning period, his objective may be to maximize the total profit con- 
tribution which will result from some product mix of these products (see 
Table 2.2). 

2. Identification and particularization of pertinent variables. This step 
is the core of what is called “model building.” Having identified the 
objective variables, the decision maker makes a choice of those variables 
whose future magnitudes will affect the degree of achievement of his 
objective(s). The degree of such influence(s) is then “particularized”’ 
by some quantitative relationship, which is usually a mathematical model. 
If the problem is such that mathematical formulation and manipulation 
are difficult, expensive, and time-consuming, the decision maker may have 
to utilize such tools as simulation. 


In reference to a typical linear-programming problem, the variables 
affecting the specified objective are explicitly stated. Furthermore, the 
degree of their influence on the stated objective can easily be particularized.T 


* John von Neumann and O. Morgenstern, “Theory of Games and Economie Behav- 
ior,” Princeton University Press, Princeton, N.J., 1947. 

į For the linear-programming problem given in Table 2.2, a quantitative statement 
of the objective function is obviously: maximize 10X + 15Y, where X represents some 


ERRE quantity of product A, and Y represents some unknown quantity of produc? 
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3. Formulation of available strategies. In a number of cases, the result 
of step 2 brings the decision maker to the point at which the use of mathe- 
matics will identify immediately the optimum strategy in a given prob- 
lem. There are situations, however, in which a more time-consuming 
process of formulating a number of specific strategies may have to be 
undertaken. In such cases, the decision maker simply lists the various 
combinations of resource factors under his control, each such combination 
representing a specific strategy. 

A typical linear-programming problem, as we shall discover later, is 
characterized by the fact that an infinite number of strategies are avail- 
able. In the linear-programming problem of Table 2.2, any combination 
of products A and B is an available strategy. Needless to say, the deci- 
sion maker simply cannot list all the available strategies. Instead, he 
utilizes various linear-programming methods which lead him, step by 
step, to successively better strategies, until an optimum strategy is 
identified. 

4. Prediction of the payoff. In addition to listing the possible combina- 
tions of resource factors under his control, the decision maker may, in a 
number of situations, be required to predict the possible strategies of his 
competitors and the possible future magnitudes of some pertinent varia- 
bles which are not controlled by him. Here, again, mathematical and 
statistical models are employed. The decision maker must now predict 
the payoff, which is his estimate of the degree of achievement of his objec- 
tive(s) under various possible combinations of controllable and noncon- 
trollable variables. 

In linear-programming problems, all variables are assumed to be con- 
'trollable. Furthermore, the competitor’s strategies are assumed to have 
no effect on the payoff, which can be predicted with certainty for each 
possible strategy. For example, in the linear-programming problem 
given in Table 2.2, the payoff per unit is simply the profit contribution 
per unit associated with each product. 

5. Making the decision. Next, the decision maker analyzes the infor- 
mation obtained as a result of implementing the earlier steps and makes 
à "rational" choice of a specific strategy. In other words, the choice is 
made according to a particular decision criterion. Other things being 
equal, this choice will yield a maximum degree of achievement. 

In linear-programming problems, the analyst simply applies a test of 
optimality for identifying the optimum solution. The optimum solation 
represents that specific strategy which either maximizes or minimizes the 
objective function. : 

Thus, regardless of such specific TABLED TAGS of the decision problem 
as "assumed certainty” or “probabilistic” future, linearity or nonlinearity, 
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and “static” or “dynamic” considerations, the analytical approach 
described above can be uniformly followed. The point to emphasize 
herte is that such tools as linear programming have built-in mechanisms 
which guide and carry out the various steps of analytical decision making. 
However, the analyst must feed the pertinent data in the required form. 


1.5 MODELS AND MODEL BUILDING 


The logical analysis of all decision problems is based on the concept 
of models and model building. To build a model, we have to use some 
device to represent an object or subject of inquiry. This device may be 
schematic, physical, symbolic, or a combination of these. The flow- 
process chart showing the complete processing of a product, for example, 
is a schematic model to represent different operations and such other activi- 
ties as storage, inspection, transportation, and delay. A toy airplane or à 
three-dimensional small-scale model of a new building is a physical 
model. An organization chart is a graphic (block-type) model showing 
authority-responsibility relationships in an organization. The equation 
Y =a + bX, representing a straight line, is a symbolic or mathematical 
model. In short, a model embodies our attempt to represent reality. 
The model is built with the purpose of enhancing our understanding 
of reality. 

The reality, however, is so complex that often we cannot visualize and 
p È ieee Furthermore, even if we do understand it, 
our attempts at representation ma ; 
the tools and means needed to CE ae Rede eee 
available. For example, dynamic and transient models of the economie 
firm are seldom constructed, because the discipli e eco! 

3 7 pline of mathematies, 89 
yet, is not equipped to handle such models. Thus by definition, there are 
some inherent weaknesses in the use of models to : y de: oF ER Par 
however, does not mean that we should reject eat pe 7 Pa 
building. On the contrary, analytical model bui eg ee d 
but the best available approach t Sy Pisin ii fro any aes 

0 a study of decision problems. It 18 


much easier, less costly, and less ti : 
ime-eo 1 ET „mation 
from models than from experimentatio nsuming to obtain informa 


tation with the reality that the model 

OE txt, ore teal advantage of a ‘tested and proved" 
ae model is set up, it can b d to solve 9 

Poa me MEA All the analyst has to aie recognize Qu 
lar proved iota z Thu em and see if it may be represented by a partiou- 
mization problems me ACA shall see later, all maximization and mini- 
£ the characteristics of a strictly defined linear- 
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programming problem can be solved by the general model of the simplex 
method. 

The purpose of a model is to describe, explain, or predict the perform- 
ance of a system. To be most useful, the model should explain and 
predict the behavior of individual components of a system, the response 
of the system to changes in one or more of its components, and the effect 
on the system of internal as well as external disturbances. After the 
model has been constructed, it should be tested for applicability. A suc- 
cessful test of applicability transforms the model into theory. However, 
2 model need not be 100 percent applicable. The real issue is the degree 
of usefulness of the model. Thus, the assumption of linearity in linear- 
programming models may not be completely applicable to real business 
problems, but they are nevertheless extremely useful in solving certain 
types of problems. 


Types of Models 
‘The extensive application of models in the field of operations research 
makes it desirable that the reader be familiar with different classifica- 


tions of models. One classification of models is based on the degree of 
abstraction* (see Figure 1.1). 


Scale of abstraction 


Least abstract Most abstract 
Physical models Analog Mathematical models 
(mostly for purposes models (mostly for purposes 
of description) of explanation and. 
prediction) 


Figure 1.1 Classification of models according to degree of abstraction. 


Physical models are those models which have the appearance of the 
real thing. Examples of such models are children’s toys, sculptures, 
photographs, and paintings. Physical models are easy to observe, build, 
and describe, but they are difficult to manipulate and not very useful for 
purposes of prediction. Depending upon their specific purposes, physical 


* C. West Churchman, R. L. Ackoff, and E. L. Arnoff, “Introduction to [6] i 
Research," chap. VII, John Wiley & Sons, Inc., New York, 1957. ee 
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models are scaled up or down. The use of three-dimensional models and 
templates in plant layout is a well-known application of physical models. 

Analog models are more abstract than physical models, as they do not 
resemble the real object. They are built by utilizing a set of properties or 


Models 
Abstract Physical 
Dynamic Static Dynamic Static 
Nonlinear Linear Nonlinear Linear 
Unstable Stable Unstable Stable Unstable Stable 


(constrained) (explosive) 


‘Transient 


e (nonexistent) 
D d Á 


Most models found 
Steady- Transient in the management 
state and economic literature 


Realistic representation 
of corporate and 
economic behavior 


Figure 1.2 Classification ot models. (From J. W. Forrester, “Industrial Dynamics," 
p. 49, The M.I.T. Press, Cambridge, Mass., and John Wiley & Sons, Inc., New york, 
1961.) , d 


scheme different from that which the object of inquiry possesses. FT 


example, different colors on a map correspond to different characte! 
istics—blue for water, brown for deserts, ete. Graphs of time series, 
sales volume, stock-market changes, and the like are other examples ? 


analog models. Analog models are easier t p ore gener? 
than physical models. S 9 manipulate and m 
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Mathematical models or symbolic models are most abstract. They 
employ a set of symbols to represent the system of inquiry. They are 
general rather than specific. Further, they are precise and may be 
manipulated exactly by utilizing the laws of mathematics. A straight 
line, for example, is represented by an equation Y = a + bX. And this 
equation represents any straight line with a given intercept and slope. 

Professor Jay W. Forrester gives a classification of models which is very 
useful in recognizing the role and place of linear-programming models 
(see Figure 1.2). å 

Linear-programming models, in so far as they assume a certain future 
and are mathematical models, fall under the category of abstract, stable, 
static, and linear models. 


1.6 SOME OPERATIONS-RESEARCH MODELS 
As progress in the field of operations research continues, analysts are 
formulating operations-research models to solve certain classes of prob- 
lems. Of the models developed so far, the following will be briefly 
described: 


1. Allocation models 
2. Inventory models 
3. Waiting-time models 
4. Replacement models 
5. Maintenance models 


Allocation Models 


Allocation models are used to solve that class of problems in which a 
number of candidates or activities are competing for limited resources. 
The resources are limited in two ways. First, in a given time period, 
there may be a limit on the quantity, beyond which resources cannot 
be purchased or employed. Second, they may be limited in the sense 
that within the boundaries of the problem each candidate usually cannot 
be allocated the given resources in the most efficient way on an individual 
basis, For example, let us assume that during a particular time period 
a firm is planning to manufacture three different products X, Y, and Z, 
each yielding a specific contribution to overhead and profit. Assume, 
further, that two different machine processes (resources) are required in 
manufacturing each of these products. The allocation problem is to 
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determine a program of production or a product mix which will maximize 
not the individual contribution of a given product but the overall effec- 
tiveness of the production program. Mathematical programming, linear 
and nonlinear, is one of the methods used in solving such problems. 
Other variations of allocation problems arise in determining the choice of 
candidates to utilize given resources or in finding suitable resources to 
satisfy the demands of a given set of candidates. 


Inventory Models 


Inventory models deal with that general class of problems in which some- 
thing is stored to meet future demand. Essentially, inventory models 
answer the questions “How much?" and “When?” in relation to the quan- 
tity and time of proeurement and/or production for items of interest. 
Associated with any inventory problem are two sets of costs. As the 
level of average inventory over a particular time period increases, one set 
of costs increases while the other decreases. For example, for a known 
demand rate and a known lead time, and with no discounts for quantity 
purchases, ordering costs decrease while storage costs increase as a funt- 
tion of average inventory levels. The determination of the economic 
order quantity requires the balancing of these two types of costs. 

For purposes of analysis and eventual development of an inventory 
model, therefore, one must identify all such costs, determine their rela- 
tionship to various inventory levels, and measure them in relation to 
different strategies. Once the model has been developed, it can be solved 
by employing analytical, numerical, or simulation methods. This solu- 
tion, in effect, yields the particular strategy which will result in an optimal 
value of the selected measure of overall effectiveness. 


Wa:ting-time Models 


Waiting-time models are a special case of inventory models. Here, the 
problem is such that a number of facilities (men or machines) are pro- 
vided to serve a number of arrivals (customers or products requiring 
service). If a perfect balance does not exist between the service facilities 
and the customers, waiting is required of either the service facilities or 
the customers. As in the inventory problem, depending on the number 
of service facilities in relation to the pattern of service requirements, two 
opposing sets of costs are associated with a given level of waiting time. 
The decision problem is to provide a specifie number of service facilities 
and to eontrol the arrival rate of the customers in order to minimize the 
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c 


sum of these two sets of costs. Operations-research models have been. 
developed to solve this type of problem. 


Replacement Models 


Customarily, replacement problems are considered in two categories 
The first deals with equipment that deteriorates with time. Equipment 
may lose efficiency as a result of either use or the appearance of better 
equipment on the market. Lathes, drilling machines, planers, and elec- 
tronic devices are representative of the type of equipment that deterio- 
rates owing to use or obsolescence. The second category deals with items 
that have a more or less constant efficiency with time. When they fail, 
they do so suddenly and completely. A typical example of a problem in 
the second category is the decision as to a replacement policy for light 
bulbs. * ; 

Methods of analysis for formulating replacement policies with regard tio 
these two categories are dissimilar because of the different nature ard 
cost behavior of the equipment involved in each category. For equip- 
ment that deteriorates with time, for example, the analyst must consider, 
among other costs, the operating and maintenance costs that increase 
with time. It is necessary, when considering problems in this category, 
to decide upon an optimum interval of time after which the present 
equipment should be replaced with another candidate. 

The category dealing with items that fail suddenly and completely 
calls for an analysis in which some sort of mortality distribution is pre- 
dicted for the items in question. Based on this distribution, the replace- 
ment policy has the objective of minimizing costs by determining a certain 
interval after which all items are replaced (within this interval individual 
items that fail are replaced immediately). Although this category of 
problems deals with decreasing, constant, and increasing probabilities 
of failure with time, a commonly used illustration is that of group replace- 
ment of light bulbs having an increasing probability of failure. In par- 
tieular, the problem is to determine some interval of time such that the 
combined eost of replacing individual items within this interval and 
replacing all items at the end of the interval is minimized. 


Maintenance Models 


Maintenance problems can be regarded as a special case of replacement 
or inventory problems. They are replacement problems in the sense that 


* Maurice Sasieni, A. Yaspan, and L. Friedman, “Operations Research: Method; 
Problems," p. 108, John Wiley & Sons, Inc., New York, 1960. Sdemnd 
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maintenance usually involves replacing parts after they fail to function 
effectively. They are inventory problems to the extent that mainte- 
nance crews or facilities are stored to serve the maintenance needs of the 
future. Maintenance problems, like inventory problems, involve two 
opposing sets of costs. One results from machine or facility breakdown; 
the magnitude of the costs in this set increases as the average idle machine 
lime increases. The other set of costs results from measures adopted to 
decrease the average idle machine time; these costs increase as the average 
idle machine time decreases. "Thus, the two sets of costs move in oppo- 
site directions as different levels of the average idle machine time of a 
particular machine are considered. The problem is to design and operate 
a maintenance program so that the sum of these two sets of costs is 
minimal. 


1.7 SUMMARY 


Management theory, during the last two decades, has been shifting its 
emphasis from a purely functional approach to a systems approach 
foward solving management problems. As a result, a number of so-called 
operations-research models have been developed to assist in the solution 
of management problems. Linear programming comprises one such 
model, 

Of the different types of models discussed in this chapter, we can say 
that linear programming falls in the category of static, stable, and linear 
models. Linear programming is essentially a method of determining 
an optimum program or “mix” of the candidates or interdependeut 


activities which are competing for limited resources, under assumptions 
of linearity. 


A linear-programming problem consists of three parts. First, there is 
a linear objective function which is to be either maximized or minimized. 
Second, there is a set of linear constraints which contains the technical 
specifications of the problem in relation to the given resources or require- 
ments.* Third, there is a set of nonnegativity constraints—since nega- 
tive production has no physical counterpart. 

The method of linear programming is such that it has a built-in mecha- 
nism for carrying out the essential steps involved in solving problems 
having the characteristics just stated. The next chapter is devoted to 
the graphical method of solving linear-programming problems. 


* Since these constraints specify the structure of a given linear-programming problem, 
they are usually referred to as structural constraints. 
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The Graphical PAS ^ 
Method 


2.1 INTRODUCTION 


Linear programming, as stated in the previous chapter, js a method of 
solving the type of problem in which two or more “candidates” (activi- 
ties) compete for limited resources. The allocation of resources is deter- 
mined with the objective of either maximizing or minimizing a linear 
objective function (say profit or cost, respectively). How is this alloca- 
tion determined? What are the different methods for handling such 
problems? What are the actual mechanics of these methods? We shall 
answer these questions by considering a typical linear-programming 
problem and solving it by (1) the graphical method, (2) the systematic 
trial-and-error method, (3) the vector method, and (4) the simplex 
method. The purpose of concentrating on the same problem is to enable 
the reader to grasp the relationships among the different solution stages 
involved in the various methods for solving linear-programming problems. 

Of the above-mentioned approaches to linear programming, the sim- 
plex method represents the n.ost general and powerful. Before present- 
ing the simplex method, which will be covered in Chapters 0 and 7, we 
shall discuss the graphical method (Chapter 2), the systematic trial-and- 
error method (Chapter 3), and the, vector method (Chapter 5). This 
scheme is adopted for two reasons. ' F irst, linear-programming problems 
involving three or less competing candidates are more easily solved by 
these methods. Second, some familiarity &ith these methods is essential 
for understanding the mechanics and rationale of the simplex method. 
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2:2 THE PROBLEM 


By means of some sharp bargaining with the union and the subsequent 
reduction of union ‘‘make-work’’ restrictions in his former contract, a 
small paper-towe! manufacturer has created some spare capacity in each 
of his three main production departments: cutting, folding, and packag- 
ing. For purposes of identification, three different sizes of paper towels 
currently produced by the company may be called products A, B, and C. 
Owing to its small size, the company can sell in the market all that it can 
produce at a constant price. Management is inclined to be conservative 
and does not wish to expand production facilities at this time, although 
they do wish to utilize fully the present spare capacity. y 

The paper toweling is received from another manufacturer in large 
rolls. These rolls are subsequently cut, folded, and packaged in the 
three sizes. The pertinent manufacturing and profit information for 
each size of paper towel is summarized in Table 2.1. The problem is to 
determine the most profitable “mix” of the products as an addition to 
present monthly output. 


Table 2.1 Process Time by Size and Department* 


Department Constraint per 


time period f 


(CP AACHYSSS D. ce T tr : 2,705 
Folding... 2,210 
Packaging 445 
—— AAA 


Profit contribution per unit 


————————————— —— 
* Prepared by Mr. Rene W. Sopher, a management major (June, 1963) at the State 
University of Iowa, Iowa City. 


1 For example, the capacity constraint for the cutting department may mean that 
only 2,705 minutes per week of machine time is available in the cutting department. 


The data contained in Table 2.1 represent the technical specifieations 
of the three products. The production of 1 unit of size A, for example, 
requires 10.7 units of processing time (say minutes) in the cutting depart- 
ment, 5.4 minutes in the folding department, and 0.7 minute in the 
packaging department. When sold, product A yields a profit contribu- 
tion of $10.00 per unit. The total available capacity in the cutting 
department is 2,705 minutes. Similar information is available in Table 
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2.1 for producing a unit each of products B and C. Note that all these 
products must be processed through all three departments. 

A quick examination of the data in Table 2.1 also reveals that product 
A is more “efficient” than product B in the use of folding capacity, 
whereas product B is more efficient in its demand on cutting capacity. 
Similar observations can be made about product C. Different degrees of 
efficiency of products competing for the use of various available resources 
are typical in linear-programming problems. 


2.3 THE GRAPHICAL METHOD 
(A TWO-DIMENSIONAL CASE) 


A linear-programming problem in which either two or three candi- 
dates are competing for available resources can always be solved by 
the graphical method. The reason is quite obvious. Whereas we can 
easily construct and visualize a two-dimensional or three-dimensional 
space, our capability to graph and visualize a space containing more than 
three dimensions is limited. For purposes of illustration, let us assume 
that our manufacturing company has arbitrarily decided to produce only 
products A and B. The pertinent data for this problem are given in 
Table 2.2, Our objective is to determine that mix of products A and B 
which will yield the maximum profit contribution. 


Table 2.2 Process Time by Size and Department 


Constraint per 


Department time period 


Cutting... yeaa eee 5 
Folding: ahire PR ee d o a 
PACKAGING n iso sardi De 


Profit contribution per unit. ... . 


The graphical method requires the translation of the above data into 
inequalities.* Before we illustrate the graphical method, it is desirable 
that the reader gain familiarity with these inequalities and their physical 
interpretation. For each “resource” in Table 2.1, a separate inequality 


* See Appendix II. 
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can be written. If we let variables X and Y denote, respectively, the 
units of products A and B to be produced, the inequality for the cutting 
department is 


10.7X + 5.0Y < 2,705 


This inequality is simply an algebraic way of expressing the information 
given in Table 2.2 in connection with the cutting department. It gives 
algebraic expression to one of the three structural constraints in our 
problem. A descriptive translation of this inequality is: Esch unit of 
product A requires 10.7 units of the cutting capacity, and each unit of 
product B requires 5 units of the cutting capacity; the maximum amount 
of A (that is, some specific value of X) and the maximum amount of B 
(that is, some specific value of Y) to be produced should be such that the 
total demand on the capacity of the cutting department does not exceed 
2,705 units. Thus, any specific combination of values of X and Y that 
does not violate this and the other given constraints is.a possible solution. 

Let us assume that we wish to produce just 2 units of product A and 
2 units of product B. This program (X = 2, Y = 2) can give us two 
types of information in connection with cach resource: (1) the total 
capacity used by this program and (2) whether or not the capacity con- 
straint has been violated. In this case, for example, the total cutting 
capacity used is 10.7(2) + 5(2) = 31.4 units, and the remaining cutting 
capacity therefore is 2,705 — 31.4 = 2,673.6 units. The constraint on 
the capacity of the cutting department obviously has not been violated. 
For each program, a similar check must be made of all resources. 

As can easily be ascertained, X = 2 and Y = 10 is also a possible 
solution for this problem. Furthermore, this latter program results in 
a higher level of profit contribution than our first program-(X = 2, 
Y = 2). However, there may be other programs which will yield larger 
profit contributions than the second program (X = 2, Y = 10). If so, 
we must discover them. This suggests that the search for a better 
program must continue until an optimum solution is determined. The 
optimum solution, in this ease, will be a specific program which will. 
yield the highest level of profit contribution without violating any of the 
Structural constraints. 


Transforming the Problem Data into Inequalities 


Let variables X and Y denote, respectively, the units of products A and B 
to be produced. Then, the technical specifications of Table 2.2 can be 
trausformed into the following inequalities: 
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For cutting capacity: 

10.7X + 5.0Y < 2,705 a) 
For folding capacity: 

5.4X + 10.0Y < 2,210 (2) 
For packaging capacity: 

0.7X + L0Y < 445 (3) 


The objective in this problem is to determine at least one pair of values 
for X and Y (which satisfy all the structural constraints given by the 
above inequalities) resulting in the maximum possible level of the func- 


tion 10X + 15Y. 


Graphing the Inequalities 


The set of inequalities given above can easily be graphed. Inequality 
(1), for example, is graphed in Figure 2.1. 


Figure 2.1 


To obtain the X and Y intercepts for inequality (1), we proceed as 
follows: 
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Let X = 0; then 


Y- "T = 541 point K 
Let Y = 0; then 
2,705 _ T 
X- 107 ^ 252.8 point L 


Joining points K and L gives us a line whose equation is 


10.7X 4- 5.0Y — 2,705 


However, since we do not wish to plot the above equation, but rather 
the inequality 10.7X + 5.0Y < 2,705, the region of interest is repre- 
sented by the shaded area in Figure 
2.1. Olearly, the shaded area also 
includes negative values of X and Y 
which mean negative production and 
have no real physical counterpart. 
In order to exclude any possibility 
of negative production, as mentioned 
in Chapter 1, a set of nonnegativity 
constraints is introduced. In our 


Cutting capacity 


example, the nonnegativity con- 
L(252.8 X " ry 
(2528) straints are X > 0, Y > 0; these 
Figure 2.2 mean that we are restricted to pro- 
ducing zero or more units of products 
A and B. 


The addition of nonnegativity constraints restricts the area of possible 
solutions to the first quadrant of the XY plane as shown in Figure 2.2, 

Similarly, Figures 2.3 and 2.4 represent the areas of possible nonnega- 
tive solutions for the folding and packaging capacities, respectively. 

If we combine Figures 2.2 to 2.4, we obtain Figure 2,5, the shaded area 
of which represents the region of all possible solutions for our problem. 

The drawing of Figure 2.5 is the first step in solving our problem by the 
graphical method. Any point in the shaded area and/or on the boundary 
of the shaded area of Figure 2.5 is a possible solution. In other words 
there are an infinite number of solutions for this problem if we AREI 
divisibility of the production units, Our objective is to pick at least one 
point (X, Y) from the shaded (feasible) area of Figure 2.5 which maxi- 
AT or ane cone lish th 

procee accomplish this? It, j is poi i 

are guided by the profit Fins If, somehow, a n isse n 


Sec. 2.3 The Graphical Method 27 


function on Figure 2.5, determine its direction of maximum increase, and 
start and keep on moving it in this direction, it will eventually touch 
some farthest point on the boundary of the shaded ares. This point, 
then, will give us a unique (or one of many possible) optimum and 


Folding capacity 


N(409.2) X 


Figure 2.3 


P(635.7) X 


Figure 2.4 


feasible solution. The graphical method, as we shall illustrate below, 
accomplishes these things for us in & systematic fashion. 


Isoprofit Lines 


The graphing of the profit function may at first appear difficult, for thy 
Profit function 10X + 15Y is not in the form of an equation and heno 


28 Linear Programming Chap. 2 


cannot be graphed. But we can overcome this difficulty by asking our- 
selves a simple question: How many units of product X alone (or prod- 
uct Y alone) are required to produce a profit contribution of, say, $1,500?* 
Since profit contribution per unit of product X is $10, the answer is obvi- 
ously 150 units of X. Similarly, since the per-unit profit contribution of 
V is $15, it takes 100 units of Y to produce a profit of $1,500. Thus, one 


=] 


~~ Cutting-capacity line 


v. 
M . Folding-capacity line 


- Packaging-capacity line 


Product B ——— 


} S. DIDI UN P X 
$1,500 isoprofit line $2,100 isoprofit line 


Product A ——- 


Figure 2.5 


set of two isoprofit points in Figure 2.5 is X = 150, Y =O and X = 0 
Y = 100. If we join these two points (S and T), we obtain the $1,500 
isoprofit line (see Figure 2.5). All points on this line, since they are 
within the shaded area, represent feasible solutions, cach giving a total 
profit contribution of $1,500. Thus, an isoprofit line is the locus of all 


points (i.e., all possible combinations of X and Y) which yield the 


same 
profit. E 


* Any arbitrary profit figure will work. Howey 
profit number which gives an integer as an answe: 
within the shaded area. 


er, it is always simplest to pick a 
r and which places the isoprofit line 


Sec. 2.3 The Graphical Method 29 


In a similar fashion we could have drawn other isoprofit lines yielding 
different levels of profit contribution. For example, line DZ in Figure 2.5 
represents the $2,100 isoprofit line. A comparison of lines DE and ST 
shows that the $2,100 isoprofit line (DE) is parallel to the $1,500 isoprofit 
line (ST) and is located farther away from the origin. This was to be 
expected, sinee the per-unit contributions of the two products are fixed, 
and larger profit contributions result as we move away from the origin. 
A little reflection will show that we should keep on drawing such isoprofit 
lines for higher profits so long as we are within the area of feasible solu- 
tions. Obviously we shall have to stop only when we have hit either à 
corner point of the convex polygon of Figure 2.5 or one of its boundary 
lines.* In either case we would have found our optimum solution(s). 


* A convex polygon consists of a set of points having the property that the segment 
joining any two points in the set is entirely in the convex set. There is a mathematical 
theorem which states: “The points which are simultaneous solutions of a system of 
inequalities of the € type form a pelygonalconvexset." For purposes of visualization 
refer to Figures 2.6 and 2.7; the former represents a polygonal convex set, whereas 


E 
Y 
(e: D 
B 
A 
X 
Figure 2.6 Convex polygon. 
Y 
C D 
B 
E! 
- X 


Figure 2.7 Nonconyex polygon. 


30 Linear Programming Chap. 2 


Finding the Optimum Solution(s) 


In a profit-maximization problem involving only two competing candi- 
dates, the isoprofit line farthest from the origin but still within the 
feasible-solution area is used to determine the optimum solution. Two 
cases can arise. First, this isoprofit line may be coincident with one of 
the boundary lines of the convex polygon. If this is the case, all points 
on that boundary line which is coincident with the isoprofit line are 
feasible as well as optimum solutions.* Secondly, the isoprofit line may 
not coincide with one of the boundary lines of the convex polygon. If 
this is the case, one of the corner points of the convex polygon provides 
the optimum and unique solution. TA 

In our case, we observe that the isoprofit line farthest from the origin 
and still within the feasible solution area passes through the point H. 
Hence, point H provides the optimum solution from among an infinite 
number of solutions represented by the shaded area of Figure 2.5. 

The coordinatés of the point H can be determined either directly from 
the graph or by a simultaneous solution of the two lines intersecting at 
point H. The equations of these lines, representing the cutting and 
folding capacities, are already known to us. The determination of the 

' coordinates of point H is illustrated below. 

For the cutting department 


10.7X + 5.0Y = 2,705 
or 


Y = 541 — 2.14X (51 


thelatter does not. Note that if points C and D in Figure 2.7 are joined, the definition 
of a convex polygon is seen to be violated. 

Although the illustration is in a two-dimensional space, the concept of convex set 
is general and can be extended to any n-dimensional space. Furthermore, since all 
linear-programming problems contain structural constraints of the < type (or con- 
straints which can be converted to the < type), the solutions to linear-programming 
problems form a convex set. 

* In a two-candidate case, if the slope of any of the boundary lines is the same as that 
of any isoprofit line, we can conclude that the linear-programming problem hag many 
optimum solutions. This means that any isoprofit line will be either parallel to or 
coincident with one of the boundary lines of the convex polygon. The reader can 
verify that if the profit contributions per unit of products X and Y are, respectively, 
$10.0 and $4.68, all points on the line HL (see Figure 2.5) will be optimum solutions. 
tA general equation of a straight line is always of the form Y = a + bX, where a is 
the Y intercept and b is the slope. 
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For the folding department 
5.4X + 10.0Y = 2,210 
or 
Y = 221 — 0.54X (5) 
Equating (4) and (5), we obtain 
541 — 2.14X — 221 — 0.54X 
or 
X = 200 (6) 
Substituting (6) in (4), . 
Y = 541 — 2.14(200) 
= 541 — 428 = 113 


Hence, the optimum solution is to produce 200 units of X (product A) 
and 113 units of Y (product B). The profit for this program is 


10(200) + 15(113) = $3,695 


Substituting X = 200 and Y = 113 in the inequalities (1) to (3), we 
note that this program fully utilizes the capacities of the cutting and 
folding departments but leaves 192 units of the packaging-department 
capacity unused. This can also be observed by examining Figure 2.5, 
in which the packaging-capacity line is far above the shaded area. 


2.4 PROCEDURE SUMMARY FOR THE 
GRAPHICAL METHOD (A TWO-DIMENSIONAL 
MAXIMIZATION PROBLEM) 


Step 1 

Transform the given technical specifications of the problem into inequali- 
ties, and make a precise statement of the objective (profit) function. 
Step 2 


Graph each inequality in its limiting case to obtain a region of possible 
Solutions. In conjunction with the nonnegativity constraints, this will 
yield a convex polygon containing all feasible solutions, 
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Step 3 


By choosing a convenient profit figure, draw an isoprofit line so that it 
falls within the shaded area. 


Step 1 


Move this isoprofit line parallel to itself and farther from the origin* 
until an optimum solution is determined. 


The graphical method can also be used for solving a minimization prob- 
lem. Of the four steps listed, only thelast two need be revised to obtain 
a complete procedure for solving a two-dimensional minimization prob- 
lem. Iu step 3 a convenient cost figure, rather than a profit figure, is 
chosen, and a corresponding isocost line is drawn. In step 4, the isocost 
line is moved parallel to itself but closer to the origin} until an optimum 
solution is determined. 


2.5 THE GRAPHICAL METHOD 
(A THREE-DIMENSIONAL CASE) 


The data of Table 2.1 are reproduced in Table 2.3. In so far as we now 
have three competing candidates, we are concerned with a three-dimen- 
sional problem. 

The data can be expressed as inequalities, one for each resource. 
Thus, we have 


For the cutting department: 
10.7X + 5QY + 2.02 < 2,705 (Dt 


* We assume, of course, that each of the two coefficients in the objective (profit) 
function is positive. Let us consider two other cases: a) both of the coefficients in 
the objective function are negative (e.g., maximize —10X — 15Y) and (2) one of the 
coefficients in the objective function is negative while the other is positive (e.g., 
maximize —10X +15Y). If, ina maximization problem, both the coefficients in the 
objective function are negative (as in case 1), it is obvious that the level of each 
activity should be reduced to zero. In other words, neither X nor Y should te pro- 
duced. If one of che coefficients in the objective function is positive while the other 
is negative (as in case 2), it is again obvious that the product with the negative coeffi- 
cient (product X) should not be produced at all, whereas as much as possible of the 
product with the positive coefficient (product Y) should be produced within the given 
constraints. 

+ The reader shovld draw a parallel between the assumption implied in this statement 
and the preceding footnote. 

t The variables X, Y, and Z represent, respectively, the quantities of products A, B, 
and C to be produced. 
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Table 2.3 Process Time by Size and Department 


Constraint per 
time period 


Department 


(ONT a Rae rere epee Hs 4 à 2,705 
BOlDguo i txt Reo A 2,210 
PAKALNE o ERE A ota Due S 445 


Profit contribution per unit 


For the folding department: 

5.4X + 10.0Y + 4.0Z < 2,210 

For the packaging department: 

0.7X + 1.0Y + 2.0Z < 445 

The objective function to be maximized is 


10X + 15Y + 202 


Since we have three unknowns (X, Y, Z) in this problem, it must be 
graphed in a three-dimensional space. As before, we impose the non- 
hegativity constraints 


Ge OMe 5901 07:40 


We now proceed to graph each inequality in its limiting case. That is, 
we consider them as equations. Since these equations contain three 
unknowns and are linear, each will yield a “plane” when plotted in three 
dimensions, The plotting procedure is the same as in the case of a two- 
dimensional problem. For example, this is how we plot the plane repre- 
Senting the cutting-department capacity [consider inequality (7)]: 


TY 7 = (0 then X = 252.8 
x,Z=0 Y = 541 
X,Y =0 Z = 1,352.5 


This gives us the plane ABC in Figure 2.8. 
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For the folding department [consider inequality (8)], 
If Y,Z-0 then X = 409.2 

x,Z=0 Y = 221 

X,Y =0 Z = 552.5 


This gives us the plane DEF in Figure 2.8. 
For the packaging department [consider inequality (9)], 


IfY,Z=0 then X = 635.7 
er 0 Y = 445 
X7.) Z = 222.5 


This gives us the plane GHI in Figure 2.8. 


445-4] 
5 07X - Y 422-445 
N . +LZZ2= | 
leis da 
4. lg|221 hot. 


BAX +10Y +42 =2,210 


Figure 2.8 
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The three planes (ABC, DEF, GHI) and the three axes X, Y, Z with 
X > 0, Y > 0, and Z > 0 form a three-dimensional solid Space contain- 
ing all the feasible solutions to this problem. The next question is: 
Which particular solution is the optimal solution? To identify this 
optimal solution, we construct an isoprofit plane.* For example, to 
obtain an isoprofit plane representing a profit of $900, we construct a 
plane whose corners are at X = 90, Y = 60, and Z = 45. Wethen move 
this plane away from the origin. In other words, we construct other 
higher-profit planes parallel to this plane, but still within the region of 
feasible solutions. The reader can visualize that as we move away from 
the origin some particular plane will just touch the outer surface or most 
remote corner of the convex polyhedral containing feasible solutions. 
That point(s) of contact in the three-dimensional space is the optimum 
solution. As we shall determine later (Chapter 3), the coordinates of 
this point in our case are 


X = 200 Y = 65 Z = 120 


This, then, is our optimum solution, resulting in a profit contribution 
of $5,375. 

Substituting X = 200, Y = 65, and Z = 120 in inequalities (7) to 
(9) reveals that this program fully utilizes the capacities of all the 
departments. 


2.6 SUMMARY 


The graphical method of solving linear-programming problems is limited 
to cases in which three or less candidates are competing for limited 
resources. However, the solution of a two- or three-dimensional prob- 
lem by the graphical method gives us an intuitive insight into the fact 
that linear-programming problems usually have an infinite number of 
solutions. Of these, the particular solution(s) which optimizes the 
objective function is chosen. The other methods, namely, the systematic 
trial-and-error method, the vector method, and the simplex method, 
are not limited to problems in three or fewer dimensions. We shall 
present the systematic trial-and-error method in the next chapter. 


* This is the same procedure as was used in the two-dimensional plane, where an iso- 
profit line was drawn to identify the optimal solution. 


chapter Systematic Trial- 


3 and-Error Method 


3.1 INTRODUCTION 


lAny linear-programming problem in which either the number of competing 
candidates is limited to 2 or, if there are more than two competing candi- 
dates, the number of resources is limited to 2, can always be solved by 
trial and error.* However, as soon as this restriction is removed, the 
solution of a linear-programming problem by arbitrary trial and error 
becomes an almost impossible task. To handle the practical problems 
of management involving a large number of candidates and resources, 
therefore, some systematic rather than arbitrary trial-and-error method 
is needed. In other words, we should design some tests or indicators 
which will guide us as to which way to proceed during our search for an 
optimum solution(s). The systematic trial-and-error method accom- 
plishes this objective. Before presenting the systematic trial-and-error 
method, we shall solve the linear-programming problem given in Table , 
2.2 by arbitrary trial and error. It is, of course, not suggested that the 
reader consider arbitrary trial and error as a legitimate method of solving 
linear-programming problems. The sole purpose of this detour is to 
familiarize the reader with some of the terminology used in this book and 
lay the foundation for understanding the systematic trial-and-error 
method. 


* This is so because in linear-programming problems the optimum solution always 
contains a number of candidates which is equal to or less than the smaller of the num- 
bers of given candidates or resources. For example, in a three-candidate two-resource 
problem, the optimum solution will not contain more than two products. "Thus, the 
number of possible combinations to be tested for their respective values of the objec- 
tive function is manageable. The rationale of this footnote will become clear to the 
reader as we progress in this book. 
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3.2 SOLUTION BY ARBITRARY 
TRIAL AND ERROR 


The data of Table 2.2 are reproduced in Table 3.1 for easy reference. 


Table 3.1 Process Time by Size and Department 


Capacity restriction 


Department 5 : 
per time period 


——— 
2,705 
2,210 

445 


——— 
Cuttin cae E de oot cept 
Bolding $235.22» 

Packaging 
—M— M— —BÁ——— 
Profit contribution per unit...... 


Transforming the Data into Inequalities 


As discussed previously, the problem can be stated as follows: 
Maximize 10X + 15Y subject to 

10.7X + 5.0Y < 2,705 

5.4X + 10.0Y < 2,210 
0.7X + 1.0Y < 445 


andX >0,Y>0. 


Transforming the Inequalities into Equations 


Since the above inequalities are of the “less than or equal to" type,* they 
can be transformed into equations by the addition of nonnegative vari- 
ables, say Si Ss, Ss, ete. Thus, we have 


10.7X + 5.0Y + Sı = 2,705 
5.4X + 10.0Y + S: — 2,210 a) 
0.7X + LOY + S, = 445 


* See Chapter 7 for the transformation of inequalities of the “greater than or equal 
to” type. 


I 


i 


38 Linear Programming Chap. 3 


. The variables Sı, Ss, and Sz are called slack variables in the linear-pro- 
gramming literature for they, so to speak, take up the slack and serve to 
form equalities from the inequalities of a given linear-programming 
problem. We can also attach a physical interpretation to these slack 
variables. They can be thought of as “imaginary” products, each requir- 
ing for its production 1 unit of capacity from only one of the resources 
and 0 units of capacity from’ the others, and each yielding a profit of 
zero. The production of 1 unit of Sı, for example, requires 1 unit of 
cutting capacity but 0 units of folding capacity and 0 units of packaging 
capacity. * 

The system of Equations (1) has three equations and five unknowns, 
ie more unknowns than equations. This, in general, implies that there 
are an infinite number of solutions to this set of linear equations. Of 
course, having solved the same problem by the graphical method, we are 
already aware of this fact. Since, in general, three equations involving 
three unknowns can usually be solved for a unique solution, two of the five 
unknowns (X, Y, Sı, S», S:) must be set equal to zero. Theoretically, 
this would involve solving the system of Equations (1) a total of 10 
times. Some of these solutions may be acceptable solutions while others 
may not, since they might violate the capacity restrictions or give nega- 
tive values for either X or Y. But testing all 10 combinations is an 
extremely lengthy process. Instead, we can reason that in order to create 
any profit we must institute, in this problem, one of the following types 
of programs: 


1. Produce X alone 
2. Produce Y alone 
3. Produce feasible combinations of X and Y 


We shall now proceed to obtain these programs. 


* Thus S; does not appear in the equations representing folding and packaging capac- 
ities. If S, were to be included in, say, the equation representing folding capacity, 
a coefficient of zero would be attached to Sı. The same could be done for S; in the 


folding-capacity equation. Thus, the complete equation for the folding department 
may read as follows: 


5.4X + 10.0Y + 08, + 1.08: + 08; = 2,705 


1 Combination of five things taken two at a time: 


5x ^ 5l 
a= 2) "sm - 10 
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Case 1 Produce X Alone 


This means Y = 0, S; = 0, 8; = 0, and S; = 0. 
The system of Equations (1) then becomes 


For cutting capacity: 
10.7X — 2,705 or X = 252.8 V 
For folding capacity: 
5.4X — 2,210 or X = 409.2 
For packaging capacity: 
0.7X = 445 or X = 635.7 
Since all three resources are used to produce X, we see that in this case 
the cutting department provides the limiting capacity. Hence, the 


maximum possible production of X is 252.8 units, with a profit of 
10(252.8) — $2,528. 


Case2 Produce Y Alone 


This means X = 0, Sı = 0, S2 = 0, and S; = 0. 
The system of Equations (1) becomes 


For cutting capacity: 

5Y = 2,705 or Y = 541 
For folding capacity: 

10Y = 2,210 or Y=221V 
For packaging capacity: 

1Y = 445 or Y = 445 


Here, the folding capacity is the limiting case. Hence, the maximum 
possible production of Y is 221 usits, yielding a profit of $3,315. 
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Case 3 Produce X and Y 


Naturally, the maximum profit from a program that produces some com- 
bination of X and Y will be derived in those cases in which we utilize as 
much of the given capacities as possible. Thus, we proceed to check 
those combinations in which either 


1. Sı 2 0 and S» = 0, or 
2. S; = 0 and S; = 0, or 
3. S. = 0and 8$; =0 


1. If, in the system of Equations (1), we let S; = 0 and S; = 0, we 
obtain the following equations: 
10.7X + 5.0Y = 2,705 (2) 
5.4X 4- 10.0Y — 2,210 (3) 
0.7X + LOY + S; = 445 (4) 


Solving (2) and (3) gives X = 200 and Y = 113.* Substituting these 
values in (4), we get 


0.7(200) + 1(113) + S; = 445 
or 
Sa = 445 — 140 — 113 = 192 


which means that the solution X = 200, Y = 113 will necessitate an idle 
packaging capacity of 192 units. The profit from this program is 


10(200) + 15(113) = $3,695 


2. If, in the system of Equations (1), we let S; = 0 and S; = 0, then 


10.7X + 5.0Y = 2,705 (5) 
5.4X + 10.0Y + S: = 2,210 (6) 
0.7X + LOY = 445 (7) 


* Having solved this problem by the graphical method, we know that this is the 
optimum solution. However, we must test all the combinations listed under case 3. 
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From (5) and (7), 

X = 66.67 Y = 398.33 

Substituting in (6), we get 

5.4(66.67) + 10(398.33) + S. = 2,210 

or 

S; = —2,133.32 

Obviously, this is not an acceptable solution, for it reveals that we are 


some 2,134 units short in folding capacity. 
3. If, in the system of Equations (1), we let S» = 0 and S; = 0, then 


10.7X + 5.0Y + S, = 2,705 (8) 
5.4X + 10.0Y = 2,210 - 9) 
0.7X + LOY = 445 a0) 


From (9) and (10), we get 

X = 1,400 = —535 

Substituting these values in (8), we obtain 
Sı = — 9,600 


Thisisnotan acceptable solution, for it gives a negative value of Y, which 
has no physical significance. 

Hence, after having compared different possible combinations, we come 
to the conclusion that the most profitable solution in this problem is 
X = 200, Y = 113, which is the optimal solution we obtained by the 
graphical method. 

It does not take much imagination to realize that this type of trial- 
and-error method will get too lengthy and cumbersome as soon as the 
number of competing candidates and limiting resources increases in a 
given linear-programming problem. Thus, we must search for a better 
method, in terms of both savings in computation and getting vital infor- 
mation during the solution. We shall refer to such a method, which is 
essentially an algebraic method, as the systematic trial-and-error method. 
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3.3 SOLUTION BY THE SYSTEMATIC 
TRIAL-AND-ERROR METHOD 


In the systematic trial-and-error method, as will be shown in this section, 
the objective function is used to test the optimality of a given solution. 
The objective function is modified to yield information as to (1) whether 
or not the given program can be improved and (2) how to design a new 
program. Thus, the difficult or even impossible task of determining all 
possible production combinations (a procedure we followed in Section 3.2) 
need not be undertaken. Instead, we can design an initial program such 
that the given constraints are not violated. The initial program can then 
be tested for optimality by examining the associated objective function. 
If the test indicates that a better program can be designed, the initial 

. program is revised. The revised program is again tested for optimality, 
and if further improvement in the objective function is possible, another 
program is designed. This process is repeated until an optimal solution 
has been obtained. 

We shall illustrate the systematic trial-and-error method by considering 
the linear-programming problem of Table 2.1. The data are reproduced 
in Table 3.2 for easy reference. Our task, as before, is to find that opti- 
mum “mix? which will yield maximum profit contribution. 


Table 3.2 Process Time by Size and Department 


Capacity per 
time period 


Department 


m 
2,705 
ltd Erde & oa ae ees eee RR 2,210 


roduct.... 


Profit per unit of p 


Transforming the Data into Inequalities 


As previously, our first step is to translate the technical data into 
inequalities. "These inequalities are 


For the cutting department: 


10.7X + 5.0Y + 2.07 < 2,705 
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For the folding department: 

5.4X + 10.0Y + 4.0Z < 2,210 

For the packaging department: 

0.7X + 1.0Y + 2.02 < 445 

andX »0,Y20,220. Our profit function is 
10X + 15Y + 202 


The interpretation of these inequalities is the same as given previously 
(see Section 2.3). 


Transforming the Inequalities into Equations 


Since the above inequalities are of the “less than or equal to” type, they 
can be transformed into equations by the addition of nonnegative slack 
variables (each yielding a profit centribution of zero per unit) $1, Se, 
and S;. Thus, our problem can be stated as follows: 

Maximize 10X + 15Y + 20Z + 0S, + 0S2 + OS; subject to 


10.7X + 5.0Y + 2.02 + Si = 2,705 an 
5.4X + 10.0Y + 4.0Z + Sz = 2,210 (12) 
0.7X + LOY + 2.0% + Ss = 445 (13) 


and X > 0, Y 20,2290. The interpretation of the slack variables is 
the same as given in Section 3.2. 


Designing the Initial Program 


Let us now develop a program in which we propose to produce only the 
"imaginary" products Sı, S2, and S;.* This means that in Equations (11) 
to (13) we let X = 0, Y = 0, and Z = 0. Ourinitial program, therefore, 
is to produce 2,705 units of Sı, 2,210 units of S», and 445 units of S;. 


* This will correspond to starting from the origin of our three-dimensional space in 
Figure 2.8. à 
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Thus, the initial program consists of the following values of the different 
variables: 


xX =0 Y=0 Z=0 S; = 2,705 S; = 2,210 S; = 445 


The level of the profit contributions resulting from this program can 
be determined by substituting the values of the different variables in the 
objective function. Thus, we have 


Profit contribution = 10X + 15Y + 20Z + 0S, + 08; + 08; 
= 10(0) + 15(0) + 20(0) + 0(2,705) 
+ 0(2,210) + 0(445) 
=0 


The initial program, along with other information, is contained in the . 
following equations. These equations are obtained by a simple rearrange- i 
ment of Equations (11) to (13).* 


Sı = 2,705 — 10.7X — 5.0Y — 2.07 at 
S, = 2210 — 54X — 10.0Y — 402 ge 
B, = 445 — 07X — 1.0Y — 2.02 (16) 


These equations have physical interpretations. Equation (14), for 
example, says that if X = 0, Y = 0, and Z = 0, we shall produce 2,705 
units of Sı. That is, all the cutting-department capacity will remain idle. 
Further, Equation (14) reveals that if we want to produce at this stage, Say; 
1 unit of X, then we must be willing to sacrifice 10.7 units of Sı. Simi- 
larly, introduction of 1 unit of Y will demand a reduction of S; by 5.0 
units, and the addition of 1 unit of Z will require reducing S; by 2.0 units. 
In other words, Equation (14) gives us information regarding the physical 
ratios of substitution between X and Sı, Y and /S;, and Z and Sı. These 
physical ratios of substitution at this stage are nothing but the coefficients 
of the variables X, Y, Z in the above set of linear equations. However, 
we should also keep in mind, as the equations reveal, that the introduction 
of 1 unit of, say, X requires not only the reduction of S; by 10.7 units, 
but the simultaneous reduction of S; by 5.4 units and S; by 0.7 unit. 
This, of course, is determined by the manufacturing requirements of the 


* Each equation is solved for the product included in a given program. Thus, in this 
case Sı, S2, and S; are brought to the left-hand sides of the equations. 
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products as given in Table 3.1. Similar interpretations hold for Equa- 
tions (15) and (16). z 

In this problem we note that the addition of a unit of X, Y, or Z makes 
simultaneous demands for the reduction of Sı, S2, and S;. Therefore, the 
total amount of X, Y, or Z that can, at this stage, be “brought in” the 
program is limited by the current magnitudes of Sı, S», and Ss. 

The profit contribution of our initial program is obviously zero. 


Revising the Initial Program 


In so far as the initial program gives a profit contribution of zero, it can 
certainly be improved. This improvement is made by designing a new 
program in such a way that at least one of the variables (products) in 
the present program is replaced by one of the variables (products) not 
in the present program. The replacements are made one at a time. 
In our example, the variables (products) included in the first program 
are Sı, S», and S5; the variables (products) external to the first program 
are X, Y, and Z. Thus, revision of the first program means that one 
of the variables (products) Si, Ss, or Ss; must be replaced by either X, 
Y, or Z. Two questions, in other words, must be answered: 


1. Which one of the variables (products) not in the present program 
should be “brought in” to replace one of the variables (products) 
currently in the program? 

2. What is the maximum amount of the chosen variable (product) that 
can be “brought in"? The answer to this question will also identify 
the product to be replaced. 


In order to determine the particular product to be brought in, we must. 
make a comparison of the cost or profit consequences associated with the 
introduction of 1 unit of each such product that is eurrently not included 
intheprogram. Then, the variable (product) with the highest net advan- 
tage per unit is chosen to be included in the revised program. For exam- 
ple, an examination of our initial program [contained in Equations (14) 
to (16)] shows that producing 1 unit of Z will require sacrificing 2 units of 
Si, 4 units of S», and 2 units of S;. In so fay as Sı, Ss, and S; have profit 
contributions of zero per unit, while Z has a profit contribution of $20 per 
unit, the introduction of Z at this stage would be a desirable course of 


action. Similar comments can be made in connection with introducing 
1 unit of X or Y. 
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The important question to be asked while revising a given program is: 
What do we gain by bringing in, say, 1 unit of a particular variable 
(product) not in the current program, and what do we lose by sacrificing 
some corresponding* quantities of the variables (products) included in the 
current program? If the gain is more than the loss, the substitution is 
desirable; otherwise, not. At this stage of our solution, the net advantage 
associated with the introduction of 1 unit of Z is $20, while 1 unit of X 
or Y yields a net advantage of $15 or $10, respectively. We therefore 
would want to introduce the variable (product) Z in our next program. 

Another way to reach the same conclusion is to incorporate the equa- 
tions representing the present program in the corresponding objective 
function. In this manner, we can immediately identify those variables 
which can be used for revising the current progran: to give a net increase 
in profit. Since this is a maximization problem, these variables will be 
those which have positive coefficients in the modified objective function. 
Of these, the variable with the highest net advantage (largest positive 
coefficient) is chosen to be introduced in the next program. 

The above approach for selecting the particular variable to be intro- 
duced in the next program is mechanical in nature and quite easy to use. 
Let us illustrate. 


Before designing the initial program, our S36 function was 
Profit contribution = 10X + 15Y + 20Z + 08; + 0S: + OS; 


If we incorporate our present program [represented by Equations (14) to 
(16)] in the objective function, we obtain 
Profit contribution = 10X + 15Y + 20Z 

+ 0(2,705 — 10.7X — 5Y — 22) 

+ 0(2,210 — 5.4X — 10Y — 4Z) 

--0(445 — 0.7X — 1Y — 2Z) 


1 


10X + 15Y + 20Z 


Since Z has the largest positive coefficient, it is the variable (product) 
to be first introduced into the solution. At this stage of the solution, 
therefore, Z is the key variable.[ This answers our first question as to 


* The corresponding quantities are determined by the ratios of substitution operating 
in & given program. 
+ See Chapter 6 for the corresponding concept of key column. 
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which product is to be brought in. To answer the second question, con- 
cerning the maximum amount of the chosen product that can be brought 
in, we reason as follows: 

It has already been established that the net advantage associated with 
the introduction of 1 unit of Z in our next program, at this stage, is $20. 
Since this is a profitable course of action, we should continue to bring in 
Z until one of the currently produced products Sı, S», and S; (idle capaci- 
ties) is eliminated from the initial program. The production of Z beyond 
the level determined in this manner is, of course, not possible, for that 
would violate some of the nonnegativity constraints; that is, the given 
“resource” capacities could not support the production of Z beyond the 
level determined in the above-mentioned manner. 

"Therefore, to determine the maximum possible level of Z that can be 
produced in order to improve the initial program, let us examine Equa- 
tions (14) to (16). These equations, as stated earlier, represent our initial 
program involving the production of Sı = 2,705 units, S2 = 2,210 units, 
and S; = 445 units. Knowing that only Z is to be brought in the solu- 
tion, we set X = 0 and Y = 0 in Equations (14) to (16) and inerease the 
value of Z until the left-hand side of one of these equations becomes zero. 
That is, the amount of Z to be brought in is that which will make some 
S; (Sy or S» or Ss) the first to become zero. This would mean that the 
chosen variable (product) Z has completely eliminated one of the varia- 
bles (Si, Ss, S;) in the current program. In order to determine which of 
these variables (Si, S», Ss) will be eliminated from program 1, we set 
X =0, Y =0 and Sı = 0, S: = 0, $5 = 0 in Equations (14) to (16). 
We find that the variable (product) Ss will be eliminated from the current 
program and that the maximum amount of Z that can be introduced into 
the next program is 222.5 units: 


From Equation (14): 


2 x 5 
Maximum Z = a = 1,352.5 units 
From Equation (15): 5 
Maximum Z = et = 552.5 units 


From Equation (16): 


Maximum E = 222.5 units V 
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Thus, we have answered our second question: What is the maximum 
amount of the chosen product that can be brought in? 

The above calculations also determine that the variable (product) S; 
will be replaced by Z in the next program. Equation (16), therefore, is 
what is called the limiting or key equation.* 

Since Z is going to replace $5, we rearrange Equation (16) so the variable 
Z is on the left-hand side. Thus, 


22 = 445 —0.7X — 1Y — 8; 
or 
Z = 222.5 — 0.35X — 0.5Y — 0.58; (17) 


This equation can be interpreted as follows. Assuming that X = 0, 
Y = 0, and S; = 0, we shall be producing 222.5 units of Z. Furthermore, 
this equation gives information, as previously explained, on the ratios of 
substitution (at this solution stage) between (X, Y, $5) and Z. 

The production of Z, in addition to reducing the production ot $; tò ` 
zero, also reduces the ainounts of Sı and Sz produced. We can get this 
information in precise terms by substituting Equation (17) in Equations 
(14) and (15). 

Substituting (17) in Equation (14), 


Sı = 2,705 — 10.7X — 5Y — 2(222.5 — 0.35X — 0.5Y — 0.585) 
= 2/260 — 10X — 4Y + S, (18) 


Substituting (17) in Equation (15), 
S2 = 2,210 — 5.4X — 10Y — 4(222.5 — 0.35 X — 0.5Y — 0.583) 
or 
S: = 1,820'— 4X — 8Y + 28, (19) 
Equation (18) gives us the number of S; units remaining (idle capacity 
of cutting department) as well as the pertinent rates of substitution among 


the different variables at this stage. Equation (19) gives us similar infor- 
mation in connection with the folding department. Our revised program 


* See Chapter 6 for the corresponding concept of key row. 
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(program 2) therefore is 


0 Y-0 
2,00 Sz = 1,320 


Z — 222.5 units X 
Ss =0 Sy 


Is this an optimal program? As explained earlier, the optimality of a 
given program is tested by incorporating that program in the correspond- 
ing objective function. At any solution stage, this is accomplished by 
substituting the rearranged limiting equation into the corresponding objec- 
tive function. For example, while revising the initial program, we 
observed that Equation (15) was the limiting or key equation. This was 
rearranged to yield Equation (17). Thus, we test the optimality of the 
current program (program 2) by substituting (17) into the present objec- 
tive function: 


Profit contribution = 10X + 15Y + 20Z 
= 10X + 15Y + 20(222.5 — 0.35X — 05Y — 0.583) 
= 4,450 + 3X + 5Y — 108; (20) 


The above modified profit function, at this stage, gives us the following 
information: 

Program 2 gives a total profit contribution of $4,450. An additional 
unit of X, if it can be produced at this stage within the given constraints, 
will bring a net advantage of $3; a unit of Y will add $5 to the total profit 
contribution; the addition of 1 unit of S; at this stage will subtract $10 
from the profit function. 

It is important to know why, in Equation (20), the profit contribution 
of 1 unit of X has become $3, as compared with $10 as given in Table 3.2. 
The reason for this becomes clear if we keep in mind that Equation (20) 
represents the modified objective function corresponding to the solution 
stage given by program 2, which has fully utilized the packaging capacity. 
Thus, the production of 1 unit of X, at this stage, will mean that 0.7 unit 
of packaging capacity (required for producing 1 unit of X) must be reallo- 
cated from Z. Since each unit of Z requires 2 units of packaging capacity, 
Z's current level of production will thus be reduced by 0.7/2 unit, which 
Will mean a reduction of $7 (0.7/2 X $20 — $7) in the profit contribution. 
Thus, the introduction of 1 unit of X, at this stage, results in a gross 
increase in profit of $10 (attributable to X ) but causes a decrease of $7 in 
the profit contribution of Z. Hence, the introduction of one unit of X, 
at this stage, will give a net profit of $3, which is the coefficient of the 
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variable X-in Equation (20). Similar interpretations can be given to the 
~ coefficients of the variables in the objective function at different solution 
stages. 

In so far as its objective function has variables with positive coefficients, 
a program can be improved. This being the case in Equation (20), pro- 
gram 2 is not àn optimal program. Furthermore, since Y has the largest 
positive coefficient in (20), we should introduce Y in the.next program. 


Program 3 (Revision of Program 2) 


According to the guiding rule which we established earlier, we now pro- 
pose to introduce Y into the solution. In determining the maximum 
amount of Y that can be brought in without violating the nonnegativity 
constraints, we examine Equations (17) to (19), which represent the 
second program. Assuming X, Z, Sı, Sa and S; to be zero, we have 


From Equation (17): 


A. M2221500 
Maximum Y = 05 ^ 445 


From Equation (18): 


Maximum Y = ain = 565 
From Equation (19): 
Maximum Y = 13”? = 165 V 


Hence, Equation (19) provides the limiting case, and the maximum 
amount of Y that can be brought in is 165 units. The rationale for this 
procedure, as the reader will recall, was explained when we revised the 
initia] program to obtain program 2. Note that while the maximum 
amount of the chosen variable (product) that can be brought in the solu- 
tion is being determined, all variables except the “incoming” variable (at 
this stage, the incoming variable is Y) are given a value of zero in the set 
of equations representing the current program. 

Since Equation (19) is the limiting equation, the introduction of Y 
must, of course, completely eliminate S; from the solution. 


Sec. 3.3 Systematic Trial-and-Error Method 51 


Rearranging Equation (19),* we get 
8Y = 1,320 — 4X + 28; — S, 
or 
Y = 165 — 0.5X + 0.258; — 0.1258; (21) 


The reader, by now, must have learned to appreciate the information that 
can be obtained from these equations. Equation (21), for example, 
informs us that if X = 0; S; = 0, and S; = 0, we shall be producing 165 
units of Y. But, what about Z and Sı? To answer this question, we 
substitute (21) in (17) and then put (21) in (18). Substituting (21) in (17), 


Z = 222.5 — 0.35X — 0.5(165 — 0.5X + 0.258; — 0.1258.) — 0.58; 
or i 

Z = 140 — 0.1X + 0.06258, — 0.6258; (22) 
Substituting (21) in (18), 


S, = 2,260 — 10X — 4(165 — 0.5X + 0.258; — 0.12582) + Ss 

= 1,600 — 8X + 0.58; (23) 
Equations (21) to (23) indicate the composition of program 3. The 
Program consists of 
Y = 165 units Z = 140 units Sı = 1,600 units 
X= 0 S1 =0 Ss =0 
Is this the optimum program? To answer this question we again derive 
and examine the corresponding profit function. Substituting (21) in 
(20), 
Profit = 4,450 + 3X + 5Y — 10S; 

= 4,450 + 3X + 5(165 — 0.5X + 0.258, — 0.1258;) — 108, 


= 5,275 + 0.5X — 8.758, — 0.6258; (24) 


* An explained earlier, the equation to be rearranged is always that which relates the 
variable (product) to be produced and the product to'be completely eliminated from 
the current program. This, of course, means that the limiting equation is rearranged. 
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We observe that the present program (program 3) gives a total profit of 
$5,275. Although we have improved our profit position as compared with 
the previous program, an optimum program has not been obtained as yet. 
An examination of the modified profit function [Equation (24)] indicates 
that we are still left with one positive-coefficient term. Of the three vari- 
ables (X, S», S3) now represented in the profit function, only X has a posi- 
tive coefficient. Hence, by bringing X into the solution, total profit can 
be further increased. 


Program 4 (Revision of Program 3) 


We have already established, by examining the modified profit function 
[Equation (24)], that the product X should be brought into the solution. 
In order to determine the maximum amount of X that can be brought in 
without violating the nonnegativity constraints, we examine Equations 
(21) to (23). Assuming Y, Z, Sı, S», and S; to be zero, 


From Equation (21): 


F 165 
Maximum X = DE 330 


From Equation (22): 


" 140 
Maximum X — Olek 1,400 


From Equation (23): 


Maximum X = m = 200 V 


Hence, Equation (23) provides the limiting case, and the maximum amount 
of X that can be brought in is 200 units. The introduction of X will 
reduce the amount of S; produced to zero. (Why?) 

Rearranging Equation (23), we get 


8X = 1,600 — S; + 0.58; 
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or 
X = 200 — 0.1255; + 0.06258; (25) 
In order to determine the reduction in Y and Z that has to be made by 


bringing in X, we substitute (25) in (21) and (22).* Substituting (25) 
in (21), 


Y = 165 — 0.5(200 — 0.1258; + 0.06255;) + 0.258; — 0.1258, 


= 65 + 0.06258; — 0.1568; + 0.25; (26) 
Substituting (25) in (22), 


Z 


Il 


140 — 0,1(200 — 0.12555; + 0.062582) + 0.06255: — 0.6258; 
120 + 0.012555; + 0.056258; — 0.62583 (27) 


ll 


Equations (25) to (27) give us our latest program: X = 200, Y = 65, 
Z = 120 and S; = 0, S: = 0, Ss = 0. i 

To determine the total profit produced by this program, and to deter- 
mine whether any further changes in the program will improve the profit 
position, we substitute (25) in the corresponding objective function, that 


is, (24). Hence, 
Profit = 5,275 + 0.5(200 — 0.1258, + 0.062582) — 8.75S; — 0.6258, 
or 


Profit = $5,375 — 0.06258: — 0.5938; — 8.7553 


The above modified profit function indicates that the total profit of the 
present program is $5,375. Inaddition, it reveals that no further improve- 
ment in the program is possible, for the coefficients of all the variables in 
the profit function are now negative. An optimal solution has therefore 


been obtained. 


* Note the particular pattern of the systematic trial-and-error method. Once the 
incoming variable (product) has been identified, it is for that variable that the limiting 
equation is solved. ‘This solution is inserted into the remaining equations represent- 
ing a particular program and into the corresponding objective function. This pattern 
systematically repeats itself from program to program until the optimal solution is 
determined. 
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A summary of the various stages of the solution is given in Table 3.3. 


Table 3.3 


ey in solution external to program pceal prod 


0 
$4,450 
$5,275 
$5,375 


PON 


3.4 PROCEDURE SUMMARY FOR THE 
SYSTEMATIC TRIAL-AND-ERROR METHOD 
(MAXIMIZATION CASE) 


Step 1 Formulate the Problem 


a. Translate the technical specifications of the problem into inequalities 
ard make a precise statement of the objective (profit) function. 

b. Convert the inequalities into equalities by the addition of nonnegative 
slack variables. Attach a per-unit profit of zero to {ach slack variable 
or “imaginary” product. 


Step 2 Design an Initial Program 


Design an initial program so that only the "imaginary" products are being 
produced, that is, only the slack variables are included in the solution. 
Represent the initial program by arranging the equations of step 1 such 
that the products being produced are on the left-hand sides. 


Step 3 Revise the Current Program 


a. Identify the incoming variable. In so far as the initial program consists 
of only the imaginary products (slack variables), its profit contribution 
is zero. Thus, to improve the initial program, the variable with the 
largest positive coefficient is chosen as the incoming variable. For 
programs other than the initial program, the incoming variable is 
identified by step 4b. 

b. Determine the maximum quantity of the incoming variable. From the 
equations representing the current program, determine the limiting oF 
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key equation which will indicate the maximum quantity of the chosen 
product (variable) that can be introduced into the solution without 
violating the given constraints. 

c. Obtain equations representing the new program. Solve for the incoming 
variable from the limiting equation, and substitute it in the remaining 
equations of the current program. The new equations represent the 
revised program. 


Step 4 Test for Optimality 


a. Substitute the limiting equation (from step 3c) in the corresponding 
objective function. If there is no positive-coefficient term in the 
modified objective function, the problem is solved. 

b. Otherwise, the program should be revised by bringing in the larg- 
est positive-coefficient variable included in the modified objective 
function. 


Step 5 


Repeat steps 3b and c and 4 until an optimal program has been designed. 
An optimal solution has been found when all coefficients in the revised 
objective function (step 4a) are negative. 


3.5 SYSTEMATIC TRIAL-AND-ERROR 
METHOD (MINIMIZATION CASE) 


The procedure for solving a linear-programming problem in which the 
objective function is to be minimized rather than maximized is exactly 
the same as that given above except that (1) the variable with the most 
negative coefficient is chosen for purposes of revising the successive pro- 
grams and (2) an optimal solution has been found when all coefficients in 
the revised objective function have become positive. 

The reader is encouraged to design a minimization problem and solve 
it by applying the systematic trial-and-error method. 

In conclusion, we may observe that the systematic trial-and-error 
method, although quite general, becomes rather cumbersome if a given 
problem involves a large number of variables. However, familiarity with 
this method will give the reader insight which will be very useful in master- 
ing the simplex method to be discussed in Chapters 6 and 7. 


chapter Matrices and 


4 Vectors 


4.1 INTRODUCTION 


Matrix algebra is extremely useful in solving a set of linear equations. 
As such, any linear-programming problem, if it has a solution, can be 
solved with the help of matrix algebra.* Furthermore, the algorithm 
(a systematic procedure) of the simplex method is based on the concepts 
of matrices, vectors, determinants, and inversion of matrices. It is, there- 
fore, very essential that we become familiar with matrices and vectors 


and some of their basic properties. This chapter is devoted to accom- 
plishing this task. 


4.2 MATRICES 


Definition and Notation 


A matrix is a rectangular array of ordered numbers. The purpose of a 
matrix is to convey information in a concise fashion and lend ease of 
mathematical manipulation. Although a given matrix does not imply 
any mathematical operations, matrix algebra is a powerful tool for solving 
a system of linear equations. 

Given below are some examples of matrices: 


10.7 5 2 
2 —1 v o PITE VI 
epu spg esi 


* The reader will recall that the systematic trial-and-error method of solving a linear- 
programming problem was really an exercise in the solution of a set of linear equations 
embodying the given constraints. 
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The closed brackets of the form [ ] are used to denote a matrix.* Any 
matrix in which the number of rows equals the number of columns is called 
a square matrix. Thus, matrices A and C above are square matrices, 
while B is a rectangular matrix having two rows and three columns. 

In general, a matrix A having m rows and n columns is written as 


Gu de Om 
Au gen G2» Gen 
Ami Am2 Amn 


In this chapter, we shall use capital letters such as A, B, and C to denote 
the entire matrix, and small letters with proper subscripts a1, a1», etc., 
to denote the numbers within the matrix. 


The Dimension of a Matrix 

1 
The number of rows and columns in a given matrix determines the dimen- 
sion or order of the matrix. For example, consider 


21 "esu 
paas 1 and cdit 


Matrix D is a 2 X 2 (two by two) matrix, whereas matrix E is a 2 X 3 
matrix. When specifying the order or dimension of a matrix, the first 
number always refers to the rows of the matrix, and the second number 
to the columns of the matrix. For example, the dimension of a matrix 
with m rows and n columns is m X n. Rows of a matrix are numbered 
from top to bottom; columns are numbered frora left to right. 


Elements of a Matrix 


The different numbers within a matrix are referred to as the elements of 
; DENAT 
the matrix. For example, matrix A = $ 2 has four elements: 2, 


* Sometimes matrices are denoted by brackets of the form ( ) or by double vertical 
lines |. |. 
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—1,1,and3. The general form of a 2 X 2 matrix is given below: 


fe as A 

Qn Q22 
The elements of the matrix are denoted by double subscripts. In the 
element a12, the first subscript refers to the row, and the second subscript 
refers to the column. The double subscripts give us the address of the 
element, indicating the specific row and column in which the element may 
be found. For example, element a;; may be found in the second row and 


second column. In general, the element a;; is located in the ith row and 
jth column.* 


Real Matrix 


If all the elements of a given matrix are real numbers, the matrix is called 
a real matriz. 


Some Special Matrices 


Identity Matrix 


The identity matrix (sometimes called the unit matrix) is a square matrix 
and is denoted by J. It is characterized by the fact that all elements on 
its main diagonal (the diagonal going from the “northwest” corner to 
the "southeast" corner) are 1s, whereas all other elements are zero. 
Given below are two different identity matrices: 


100 
r- [5 3] I1=ļl01 0 
US 001 


In other words, the identity matrix may be defined as follows: 


1 when i =j 
l= here aij = 3 
lol nereg 0 when 7 ¥ j 
* For the sake of uniformity, 7’s will refer to rows and j’s to columns throughout this 
book. 
t Although the elements of a matrix may be complex numbers of the form a + ib, in 
this book we shall be dealing with real matrices only. 
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The role of the identity matrix in matrix algebra is very similar to that 
played by the number 1 in ordinary algebra. Provided they are com- 
patible for multiplication, an identity matrix multiplied by any matrix 
gives the same matrix.* That is, 


IA=A 
and 
AI=A 


The Zero Matrix 


The zero matrix is a matrix in which all elements are zero. It is denoted as 
0. Given below are three examples of zero matrices: 


000 
o=|0 0 0 o= [0 el o- [9 6 ol 
0 00 


The role of the zero matrix in matrix algebra is very similar to that of zero 
in ordinary algebra. Provided they are compatible for multiplication, 
the product of any matrix and the zero matrix isa zero matrix. That is, 


40-0 


Transpose of a Matrix 


Associated with every n X n matrix A is another matrix A" whose rows 
are the columns of the given matrix A, in exactly the same order. In 
other words, the first row of A becomes the first column in the derived 
matrix AT, the second row becomes the second column, and soon. This 
derived matrix is called the transpose of A and is usually denoted by A’. 
Obviously, the transpose of the transpose matrix is the original matrix. 


* As will be explained later, two given matrices are compatible for multiplication only 
when the number of columns in the lead matrix equals the number of rows in the lag 


matrix. 
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2 


Example 
Let 
2 4 —3 
A-|1 2 6 
0 1 5 
Then 
Raih Mi) 
AT = 4- 2 1 
-3 6 5 
and 
[A7 = A 


4.3 VECTORS 
Definition 


When considered as special cases of a matrix, two types of vectors can 
be identified: (1) row vectors and (2) column vectors. A row vector is an 
array of numbers written in a row. Given below are some examples of 
row vectors: 


V oU 3] Voi 236] Vat 1 [0d 75] 


Since it is à special case of a matrix, we can say that Visa 1 X 3 matrix. 
Thus, in general, a row vector isa 1 X n'matrix, wheren = 1,2,3,.... 
A column vector is an array of numbers written in a column. Given below 
are examples of column vectors: 


2 4 -3 
U, = ]1 U;-|2 U: = 6 
0 1 5 
Since it is a special case of a matrix, we can say that U; is a 3 X 1 


matrix. Thus, in general, a column vector is an m X 1 matrix, where 
ni = 1,2,8,.... The numbers in a vector are referred to as the ele- 
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ments or components of the vector. For example, the column vector U; 
has three components, namely, 2, 1, and 0. 


Unit Vector 


A unit vector is a vector in which one element has the value 1 while the 
rest of the elements are zeros. Here are some examples of unit vectors: 


1 0 
U, =|0 U:=]j1 Vi=[1 0 0] Vs—[0 1 0] 


Zero Vector 


A zero vector is a vector in which all the elements are zero. Given below 
are a 1 X 3 zero row vector and a 3 X 1 zero column vector: 


0-—[0 0 0] 
0 

o= fo] 
0 


Transpose of a Vector 
Consider a 1 X m row vector: 
V-—[a a2 ::* aml 


If we write this vector vertically with the same elements in exactly the 
same order, we obtain the transpose of V: 
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The column vector U, then, is the transpose of the row vector V. Obvi- 
ously, the given row vector V is the transpose of the column vector U. 
That is, 


UT-V or va - V 


Graphical Representation of Vectors 


A given vector can be represented graphically if it has less than four com- 
ponents. Consider, for example, a vector V, consisting of a single num- 
ber, say 5. This vector can be represented as in Figure 4.1. Similarly, 


————— —À Ó 
-3 -2 -1 0 1 2 3 4 5 
Figure 4.1 


a vector V» = —3 can be represented in a single dimension (see Figure 
4.1). In this fashion, we think of vectors as having magnitude as well 
as direction.* 

A vector having two elements can be given a graphical interpretation. 
For example, the vector V; = [4 2] can be graphed as shown in Figure 
4.2. We note that, whereas a one- 
component vector can be graphed in 
& single dimension, it takes two- 
dimensional space to graph a two- 
component vector. By the same 
token, a three-component vector, 
say V,=(2 1 4] can be repre- 
sented in three-dimensional space 

X (see Figure 4.3). 
Figure 4.2 In general, then, it takes an n- 
dimensional space to represent an 
n-component vector. Evidently, we are limited by our inability to graph 
8 space having more than three dimensions. However, the concept of cor- 
respondence between the number of components in a vector and the num- 
ber of dimensions required to represent it is very important. 


Vs 7 [4,2] 


* A scalar, which is a number, is distinguished from a vector by the fact that a scalar 
possesses only magnitude. 
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V4 5[2, 1, 4] 


Figure 4.3 


Vector Notation of a Matrix 
If we consider vectors as special cases of a matrix, a given matrix can 


always be represented as a set of row or column vectors. For example, 
let 4 bea 3 X 3 matrix as given below: 


2 4 -3 
4-|1.2 6 
0 1 5 


The matrix A, when represented as a set of three row vectors Vi, Va Vs 
can be written as 
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The same matrix A, when represented as a set of three column vectors 
Un, Us, Us, can be written as 


A-[U; U: Uj) 


where 


The same matrix A can also be represented as 
A = [a,] 
where aj; is the general element falling in the ith row and jth column. In 


order to specify the dimensions of this matrix, the information on the 
number of rows and columns is given as follows: 


i=1,2,3 
271,2,3 


4.4 BASIC CONCEPTS AND OPERATIONS 
CONCERNING MATRICES AND VECTORS 


Equality of Matrices 


Two matrices are equal if and only if (1) their order is the same and (2) 
their corresponding elements are equal to each other. Thus, if 


2 1 0 
A-|-1 3 1 
4 2E 
2 1 0 
B-|-1 3 1 
4 gc 
2 1 0 
C-|-1 2 1 
4 ZU I 
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then A = B, but A = C, and B = C. In general, if A and B have the 
same dimensions, and a;; = b; for all ? and j, then A = B. 


Equality of Vectors 


Two given vectors are said to be equal if and only if (1) they are the same 
type of vectors and (2) their corresponding elements are equal to each 
other. Thus, if 


2 
U=(2 1 0] vV=(2 1 0] x-fi] 
2 2 
W-[2 -1 0) r- fil Z=)1 
1J 0 

then 


U=V UzW 
X-Z X#Y 
UFX U#Y 


Addition of Matrices 


Two given matrices A and B can be added only if they have the same 
dimensions. Once it is established that the numbers of rows and columns 
of the two matrices are identical, their respective elements are added 
together. For this reason, matrix addition is known as elementwise 


addition, 


Example 
Let 
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Then 
23 4 ZUM 2-5 5 
A*B-[i 0 EI 0 3 l= [3 3 J 
Two things must be observed in matrıx addition. First, the matrix 
representing the sum of A and B has the same dimension as A and B. 


Second, the order of addition is not important, for if A + B equals C, 
then B + A also equals C. 


In general, if 
Qui Gis *** Gin 
=| an coc 08 | i= 1,2. ,m 

SINT EM el. = [ed] j=1,2,. Q7 
Omi Gm3 Amn 

and 
bu bu 4 bin ] 
bar bee b n i - 1 2 . m 

B- uu nS ; 
12.125 MN PN vA [bi] j=1,2,. ,^ 
bei bes Dan. 

then 

A+B=B+A=C 

That is, 

[ay + by) = [ba + aul = [eu] 

where 
Gi Tbu auth cce ore Gin + bis 
an + bn an + bay Te | Ns d 

em a; + bi 
ami + Oni NO owe Da Gran + Dus. 


As we noted above, the order of addition is not important in matrix 
addition. We therefore say that matrix addition obeys the commutative 


——— le er eT SSRRARR 
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law of addition. In this sense, matrix addition is similar to the addition 
of numbers in ordinary algebra. 

Addition of Vectors 

The addition of vectors, as in the case of matrices, is defined only if both 
vectors have the same dimensions. This implies that two given vectors 


can be added only if (1) they are the same type of vectors and (2) they 
have the same number of elements. 


Example 


Let 
Ve= (2 3 4) ¥V2=[-1 2 1] 
Then 


VitVe=[1 5 5] 


Let 

gea we-[u 
Then 

v+ v= |i] 


As in the case of matrices, the reader will note that the order of addition 
of vectors is not important. 


Graphic Representation of the Addition of Vectors 


Let us consider two row vectors Vi = [2 1] and V. = [1 3). Their 
sum is V, + V; — [3 4]. This type of addition can be represented 
graphically as shown in Figure 4.4. The vector Voss been ople inediby 
adding the vectors V; and V2 Two things should be observed: (1) 
Both V, and V; are two-component vectors and hence need a two- 
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dimensional space to be represented graphically. (2) The vector V; lies 
in the same two-dimensional space. Note that the vector V; is the 
diagonal, passing through the origin, of the parallelogram formed by the 
vectors V; and V2. 


Figure 4.4 


Scalar Multiplication and Linear Combination 


The simultaneous multiplication of all the elements of a given matrix by 
& real number is called scalar multiplication. Suppose that an m xn 
matrix A = [ai] is to be multiplied by a scalar k. Then 


Ak = kA = [ka;]* 


Ezample 
Let 
—2 3 1 
A= 0 2 4 
38 —5 1 
Then 
—4 6 2 
2A = 0 4 8 
6 —10 2 


* Since the order of scalar multiplication is not important, we can say that scala" 
multiplication obeys the commutative law of multiplication. z 


——————— — 


——Li à rmm 
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Similarly, if we multiply all the elements of a given vector by some 

scalar, we get a scalar multiple of the given vector. In the case of vectors, 
scalar multiplication can be given a 
graphical interpretation (see Figure y 
4.5). Consider, for example, a vec- 
tor Vi = [1 2]. Then 2V; = V» = AVo=2V; 
[2 4]. The vector V; is graphed in 
Figure 4.5. As shown in the figure, 
the multiplication of a given vector 
by a positive scalar having a value 
greater than 1 has resulted in the 
elongation of the given vector without 
changing its direction. Clearly, the 
multiplication of a given vector by 
the scalar 1 will leave its magnitude 
unaltered, whereas multiplication by 
a positive scalar having a value less 
than 1 will result in a shortening of the given vector. Thus, if V; = 
[1 2] then kV; = V; = [1 2], where k = 1, and kV; = Vs =$ 1], 
where k = 4. 


Figure 4.5 


Y 


Figure 4.6 


The multiplication of a given vector by a Positive scalar, therefore, can 
change the length of the vector without affecting its direction. Let us 


now multiply V; by the scalar —1. Then -1y; = -YVi-[-1 —2. 
The vector — V; is graphed in Figure 4.6. The result of multiplying V, 
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by the scalar — 1 has been, as shown in the figure, to reverse the direction 
of V, without affecting its magnitude. 

The illustrations of scalar multiplication (Figures 4.5 and 4.6) serve to 
indicate that the length as well as the direction of a given vector can be 
manipulated. Scalar multiplication, in conjunction with the operation 
of vector addition, gives us a very powerful tool for expressing a given 
vector in terms of some other vectors. Let us illustrate. 

Consider a one-dimensional vector V; = [1]. All one-dimensional 
vectors can be expressed as scalar multiples of the vector Vi. For exam- 
ple, if V; = —6, then V, = —6V;. Also, if V; = 8, then Va = 8Vi- 

Similarly, any two-dimensional vector can be represented by adding 
scalar multiples of two properly chosen two-dimensional vectors." Such 
an addition of scalar multiples of two linearly independent vectors 1$ an 
example of what is called linear combination. 


Example 


Express V;= 
vectors. 
Let 


[6 8] asa linear combination of two linearly independent 


Vi=([1 0] V:=[0 1] 


Obviously, Vi and V, are linearly independent. Then 
Vi = 6Vi + 8V: 


The point to emphasize here is that by forming a linear combination of 
two linearly independent (two-dimensional) vectors, we can reach any 
point in a two-dimensional space. By extending this argument, we ca? 
say that to reach a point in three-dimensional space, we need three linearly 
independent (three-dimensional) vectors. Thus, the concept of scalar 


multiplication and the operation of vector addition are utilized in reachin£ 
a point in any n-dimensional space. 


* Proper choice in a two-dimensional space means that two linearly independent tWo- 
dimensional vectors should be chosen. Similarly, in a three-dimensional space, three 
linearly independent three-dimensionai vectors should be chosen. A precise definition 
of linear independence is given in Section 4.5. For the time being, the reader can 
consider that a set of vectors is linearly independent if one vector in the set cannot be 
formed by taking a linear combination of the other vectors in the set, For example 
if Vi={1 0 0] V2={0 1 0] and V;=(0 0 1] then the vectors Vy V? 
and V; are linearly independent. Similarly, if V; = [1 0) and V; —[0 1], then 
the vectors Vi and V: are again linearly independent. 
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In particular, a given n-dimensional vector can be represented by a 
linear combination of n linearly independent n-dimensional vectors. 


Subtraction of Matrices 


Matrix subtraction is a special case of matrix addition. The rules of 
matrix subtraction are the same as those obeyed by matrix addition; i.e., 
the subtraction process is *elementwise subtraction.” 


Example 
Let 


Then 
2. 3 4 1 -2 -1|* 
A-B=4+(-B) =) 0 +l at a] 
Si cu "| 
~ {1 -8 4 
In general, if A = [a;] and B = [bi], then 


A — B = A + [-B] = [ay — bi] = [cs] = C 


Subtraction of Vectors 


The subtraction of vectors, as in the case of matrices, is defined only if 
both vectors have the same dimensions. This implies that a given vector 
V, can be subtracted from another vector V; if and only if (1) they are the 
same type of vectors and (2) they have the same number of elements. 


Example 
Let 
IQ 4] y.-[-1 2 1] ù 


* Associated with any matrix B is another matrix —B which is obtained by multiply- 
ing all the elements of Bby —1. This is an example of'scalar multiplication. 
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'Then 


Vı— V: = Vı + (-V) =[2 3 4)4+[1 -2 -1 
-[8 1 3] 


Multiplication of Vectors 


Row Vector x Column Vector 


We shall first define the product of a row vector 


and a column vector, both 
having the same number of elements. Let 


RA 1 
“V, = [2 3 4] U-|-2 
4 
Then 
Vi X Ui = 2(1) + 3(—2) + 4(4) = [12] 


In general, the product of a 1 


4 X n row vector by ann X 1 column vector 
is given by 
b 
bz 
. " n 
ln a +++ a, = [nbi ab; 4... + anb,] = b ab. 
: [mr 
b, 
It is to be observed that the numb i 
er of 
qe Een ds 9f elements in the lead vector 


lag vector. If this condition d 


AVC n vector, the prod- 
een aa ae Provided the row vector is the 
a an be verified by a check on dimensionality 
Vi= [2 3 : 
1 4] and Uz|- 2 
then ‘ 


VU, = noi 
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or 
Vi x Ui — Vil; 
Dimensions: (1 X 3) X (3 X 1) = (1 X 1) 


Note that the order 1 X 1 means that we have a single element. 
In general, the following dimensional arrangement must hold for com- 
patibility in vector multiplication: 


[Lead vector! X [lag vector] = [product] 
Dimensions: (1xn X (nx) = AX 


Column Vector x Row Vector* 


Let 
2 
U, = 1 Vi=(1 -2 3] 
—3 
Then 
2 Doc 
UxVi-| Lb 2-3 5]|-1.22-:.38 
-3 -3 6 -9 


It is to be observed again that U, and V; above are dimensionally com- 
patible. However, the product in this case (when the column vector is 


the lead vector) is a 3 X 3 matrix. 
In general, if the lead vector is an n X 1 column vector and the lag 


vector is a 1 X n row vector, their product results in an n X n matrix: 
[Lead vector] X [lag vector] = [product] 
Dimensions: (nx1 X (ixm = Xn) 


* The multiplication of a row vector by a row vector or of a column vector by a column 
vector, SER a dot product, yields & scalar. The dot produot is defined as follows: 


Let 
VOS Vitae Yol cR Eel 
Then 


n 
VdoUx & y. Y e Vixi + Vestes «b Vas m Y VX, 
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Multiplication of Matrices 


The definition of multiplication of a row vector by a eolumn vector can 
easily be extended to cover matrix multiplication. Before considering 


2 general case, let us illustrate matrix multiplication by considering a 
specific example. Let 


1572 
S20 | A 
ahaa eb 
and let AB = C. . Then 


2(1) + 10) + (—2)(—2) 2(2) + 1(3) + (—2)(1) 
^ yia E *20)--4(-2) 3(2) + 2(3) + 41) | 


or 


6 5 
T [e ia 


The above multiplication consis; 

1. Check on compatibility. Is the number of columns in the lead matrix 
[A] equal to the number of Tows in the lag matrix [B]? If so, the matrices 
are compatible for multiplication; otherwise, not. In the above case, the 
multiplication A X B is 


ts of the following Steps: 


Check on dimensional compatibility : 


[Lead ARE X [lag matrix] — [resultant matrix] 
y ? x B = C 
Dimensions: (2 x 3) M(B SOY (2 x 2) 
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In general, the product of an m X k matrix A and a k X n matrix B is 
given by 


k : 
gum 
AB = [ X os] [i1 TEMP: 


and the dimension of the resultant matrix is m X n: 


[Lead matrix] X [lag matrix] — [resultant matrix] 


Dimensions: (mxk X (kXn) (m X n) 
Example 
Let 
2 1 
4 —1 2 
C -| | D=j0 1 | 
NACE d cd 
Then 
12 18 4 
CD = [ dei al 


but DC is incompatible. 


Example 
Obtain the product BA when 


: 12 
_ {2 Lo B= 0 3 
4-[ 2 E =o Gi 


BA 


2 
3 
1 


3(3)  0(1)+3(2) 0(—2) + 3(4) 
2 er io —2(1) + 1(2) —2(—2) + 1(4) 


5 
6 E 
0 


1 

0 

=2 

1(2) +.2(3)  10)-22) — 1(-2) + 2(4) 
ii 

-2(2 
1 8 

9 

1 
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In this example, AB and BA are both compatible, but note that 


AB # BA 


This leads to the remark that in matrix multiplication order is important. 
Matrix multiplication, therefore, does not obey the commutative law of 


multiplication. 
Comparisons between various operations in ordinary algebra and matrix 


algebra are given in Table 4.1. 


Table 4.1 


Law Ordinary algebra Matrix algebra 


———— 


A+B=B+tA=C 


— 


la, Commutative law of addition (dealing atb=b+asc 
with the order of operations) 
Comment: Matrix addition obeys the 
commutative law of addition 

1b. Commutative law of multiplication AB#BA 
Comment: Matrix multiplication, in 
general, does not obey the commuta- 
tive law of multiplication; however, 
two exceptions must be noted: (1) 
scalar multiplication and (2) milti- 
plication of a square-taatri£ by the 
identity matrix Z 

2a, Associative law (order remains the |a + (b +c) = (a +b) tcl 4+ (GEO = (At B)+¢ 

same; deals with the sequence of 

similar operations within a given 

order) 

Comment: Matrix addition obeys the 

associative law of addition 


2b. Associative law a(bc) = (ab)c A(BO) = (AB)C 
Comment: Matrix multiplication 
obeys the associative law of multipli- 


cation 
8, Distributive law (deals with the se- alb +c) = ab + ac A(B +0) = AB + AC 
quence of addition and multiplica- | — (d + ¢)f = df + «f (D + E)F = DF + EF 


tion operations within a given order) 
Comment: Matrix algebra obeys the 
distributive law 


Multiplication of a Matrix by a Vector 


The multiplication of a matrix by a vector follows the rules of regula" 
matrix multiplication as explained previously. 
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Example 
Let 
TEE 1 
A= [3 2 sj and U- A 
2 
Then 


4.5 LINEAR INDEPENDENCE 


A set of vectors Vi, V2, . . . , Vm of the same dimension is said to be 
linearly dependent if a set of scalars kı, ke, . . . , km, not all zero, can be 
found such that 


KiVa + Vado hmVm = 0 


where 0 represents a zero vector. 
If the above relationship holds only when ell the scalars ki, ko, . . . , km 
are zero, then the set of vectors Vi, Vy... , Vm is said to be linearly 


independent.* 
Example 


Test the vectors Vi — [2] and V; — [2] for linear independence. 


Let 


kV, + kV, =0 


* st for linear independence among a given set of m vectors each 
an Wein d E E 1 Xm) is based on the value of the determinant of the square 
matrix formed by the vectors. If the determinant is zero, the vectors are linearly 
dependent. If, on the other hand, the determinant is nonzero, the vectors are 
linearly independent. As we shall see in later sections, the significance of linear 
independence lies in the fact that all vectors in the same vector space can be expressed 
in terms of a set of independent vectors. See Section 4.7, which is devoted to a dis- 
cussion of determinants. 
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or 

. 12 4| |0 

«Bleek bl 

or 

2k, + 4k: = 0 (1) 
3k, + 2k; = 0 (2) 


Multiply Equation (2) by 2 and subtract Equation (1) from the 
product; then 


4k, =0 or h-0 (3) 
Substituting (3) in (1), we find 
kı = 0 


Since the relationship kıVı + kV» = 0 holds only when ki = 0 and 


k, = 0, the vectors V, and V; are linearly independent. 


Example 

3 6 3 : 
Test the vectors Vs — [2] and Vs = [ | for linear independence. 
Let 


k3V3 + kV 4 z 0 


or 


«[] «1 - o] 


Clearly, the above equation is sati 
Hence, according to the definition of linear dependence, 
V, are linearly dependent. In other words, the set of vec 


sfied if we let ks = 1 and ka= 74 
vectors Vs and 


tors Vs, V4?? 


not a linearly independent set. 
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4.6 VECTOR SPACE AND BASIS 
FOR A VECTOR SPACE 
Definition 


A set of vectors forms a vector space if (1) the sum of any two vectors in 
the set is also in the set and (2) all scalar multiples of any vector in the 


set are also in the set.* : 
Let us illustrate by considering a set of vectors V; — [2] and V; = B 


Clearly, vectors V; and Vs can be represented in a two-dimensional space 
(see Figure 4.7). Asa matter of fact, any two-dimensional vector can be 


Y 


Figure 4.7 


represented in a two-dimensional space, provided we consistently use the 
Same geometrical scheme to represent the two components. Now con- 


2 f 
sider 2V, = y, = B and iV; = V: = E Obviously, V; and V; can 


also be represented in the XY plane. Indeed, any scalar multiple of V, 
Say k,V,, or any scalar multiple of V2, say k2V2, can be represented in 


the two-dimensional space. Furthermore, Vi + V: = V; = hs] can 


* Leonard E, Fuller, “Basie Matrix Theory,” p. 71, Prentice-Hall, Ine., Englewood 
Cliffs, N.J., 1962. 


rt 


a _< 
5. 
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also be represented in the same vector space. In general, any linear 
combination of the scalar multiples of V; and V2, say kiVi + kV», is 
also & vector which can be represented in the same vector space. 


Basis for a Vector Space 


A basis for a vector space is a set of linearly independent vectors such 
that any vector in the vector space can be expressed as a linear com- 
bination of this set. The vectors in such a set are called the basia 


vectors. Let us consider two linearly independent vectors V; — [s] and 


y;- [sis Any two-dimensional vector can be expressed as & linear 
combination of these two linearly independent, vectors. For example, 


V; = e can be represented as V; = 200V; + 100V. We come to 


the conclusion that vectors V; — BH and V: = [7] are basis vectors 


for a two-dimensional vector space. The basis Bis [Vi V2] = - ?] 


Similarly, in a three-dimensional vector space, we need a set of three 
linearly independent vectors to form the basis. The argument can easily 
be extended to n dimensions. 

It should be noted that linear independence is a necessary condition 
for forming a basis for a vector space in order that any vector in that 
space may be representable as a linear combination of the basis vectors. 


To emphasize this point, let us again consider vector V; = 100 | 


Clearly, Vs = 200V: + 100V, provided V; = H aod VS Hl where 
Vi and V; are linearly independent. But if we consider two linearly 
dependent vectors, say V4 = H and V; = u then we simply cannot 


express V as a linear combination of scalar multiples of V4 and Vs. The 
reader should verify this statement with a geometrical representation of 
these vectors. 


* By applying the definition of linear independence, the reader can check that Vi 7 
[5] and V; = [i] are linearly independent. 


z 
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The concepts of linear independence and basis are very important in 
linear programming. As the reader will observe in Chapter 6, the first 
tableau of the simplex method creates a basis, say for an m-dimensional 
space, by using m linearly independent unit vectors of the type 


1 0 0 

0 1 0 

0 0 : 
V-|: V: = Va = 

- Š 0 

0 0 1 


Further, as the reader will note in Chapter 9, a so-called “degeneracy” 
occurs in linear-programming problems when an m-dimensional vector is 
represented as a linear combination of less than m independent vectors. 


4.7 REPRESENTING LINEAR EQUATIONS 
WITH VECTORS AND VICE VERSA 


In Section 4.4 we observed that any n-dimensional vector can be repre- 
sented as a linear combination of n linearly independent vectors. The 
problem, of course, is to determine the specific combination of given 
linearly independent vectors with which to form a given vector. 

Now that we are familiar with the operations of matrix addition, scalar 
multiplication, and matrix multiplication, we can solve a specific linear- 
combination problem for a two-dimensional vector. 


Ezample 


Given below are two linearly independent vectors V; and V3: 


1 
"is [s] Vou [;] 
i inati f V; and Vi will form V, = |39|? 1 th 
What linear combination of Vi 1 2 go |. In other 
words, find the scalars kı and k such that Vi + kVs = Va, or 


e [a] +e [a] - [ol 


O EES —N 
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By the definition of equality of vectors, we have 


Ika + ks = 50 (4) 
3k; + 2k, = 60 (5) 


Multiplying Equation (4) by 2, 

Ak, + 2k. = 100 (6) 
Subtracting (5) from (6), 

kı = 40 

Then, substituting k; = 40 in (4), 

2(40) + ks = 50 

or 

kı = —30 

Thus, 

V; = 40V; — 30V; 
Note that the specific linear combination above was obtained by trans- 

forming vectors into linear equations. By the same token, linear equa- 


tions can be transformed into vectors. Linear-programming problems 
involving a set of linear equations are, therefore, amenable to solution by 


the vector method (see Chapter 5). 


4.8 DETERMINANTS 


Associated with any square matrix is a number which is called its deter- 
minant, Consider, for example, a square matrix A: 


2 1 3 
A=|-1 4 1 
325 
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This square matrix has a determinant which, in its unexpanded form, is 
written as follows: 


1 
4 
2 


om ow 


The reader should note that the determinant is denoted by single vertical 
bars, whereas the matrix notation was[ ]. Further, whereas the given 
matrix A did not imply any mathematical operation, the determinant of 
this matrix (having exactly the same elements in the same positions) does 
imply certain operations. When the determinant appears in the above 
form, it is said to be in its unezpanded form. To evaluate a determinant, 
we expand it according to certain rules and obtain a single number. 

The concept of determinants is very useful. By evaluating the deter- 
minant of a given set of linear equations, for example, one can immedi- 
ately determine whether or not the set has a unique solution. If the given 
set does not have a unique solution, further tests (also using the concept 
of determinants) will show that the set either has no solution or has an 
infinite number of solutions. Furthermore, if a given set of linear equa- 
tions has a unique solution, its determinant is used to find the values of 
the unknowns in that set. 


How to Evaluate Determinants 


Before giving a generalized method of evaluating determinants, we shall 
show how a 2 X 2 determinant is evaluated. Consider a matrix 


The determinant of A is 


Ia A 
SS 


In other words, a 2 X 2 determinant iè evaluated by taking the product of 
tte main diagonal elements and subtracting from it the product of the remain- 
ing elemenia. 


i4l = |2 4|. 214—1222 
MI [2 H 
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In general, if 


Gua Giz 
A- ] 
Qo Q22: 


Qi he 
Qn 22 


|A| = 


| = M1022 — 021012 


Before discussing the procedure for evaluating determinants of order 
higher than 2 X 2, we present the definitions of a minor and a cofactor. 


Minor 


The determinant of the submatrix formed by deleting one row and one 
column from a given square matrix is called a minor. Consider, for exam- 
ple, the matrix 


2 4 1 
A= |3 7 2 
1 0. —4 


If we delete the first row and the first column, we get the submatrix 


7.2 
zie 4 


The determinant of A’ is 
; 7 2 

|A | F p on, d 

The determinant |A'|, as defined above, is the minor obtained by deleting 

the first row and the first column of the given matrix. This minor 18 

denoted by Mu. ' The first subscript of the minor always refers to the 

row being deleted from the matrix, and the second subscript refers to the 

column being deleted. Thus, 


Mu = la E = 7(—4) — (0)(2) = -28 
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Similarly, Mı: is the minor obtained by deleting the first row and the 
second column. In our example, 


Jo z 
Ms - |? Es 


| = 3(—4) — (1)(2) = —14 


In general, M; is the minor obtained by deleting the ith row and the 
jth column of a given matrix. 
Cofactor 


Associated with each element of a square matrix is a cofactor. Consider, 
for example, the following matrix: 


2 4 1 
Az|3 7 2 

1 0 -4 
The cofactor of the element 3 in this matrix (second row, first column) is 
denoted by C; and is defined as 


X 


Cu = (=D 4 


is Mn, that is, the minor obtained by 


4 1 
But we already know that | 0354 


deleting the second row and first column of matrix A. The only differ- 
ence between (2, and M», therefore, is the sign generated by the expres- 
Sion (—1)?+1. Indeed, this is exactly what differentiates a cofactor from 
its rino. A cofactor is a minor with its proper sign, and this sign is 
determined by the subscripts of the element with which the cofactor is 
Associated. Consider, for example, the following matrix: 


OG Giz is 
A=Jan am an 


031 032 G33 


Qn n 
G32 033 


The cofactor of an is (—1)!** 


ee 
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In general, the cofactor of any element ay (where i refers to the row, 
and j to the column) is denoted by Cy, and its value is given by 
Cy = (7D My 
Ezample 


Consider a matrix 


2113. *3* <3 

4 —1 0 1 
Bo. 2 1.3 
Bo 1.3 


Find the cofactor Cs. 
As defined above, the cofactor C is.the minor M with its proper sign. 


Hence, 


02 1 
-3 0 1 


12:79 
Cu = (-1)*** 


Note that (—1)* is positive when i + j is even, and negative when 
i + j is odd. 
Expansion of a Determinant by Cofactors 


The determinant of any square matrix A can be evaluated by expanding 
it along any row or column as follows: Let 


Qu Giz Gs 
A =|@n an On 
Gn m On 
The determinant of A is 


|A| = ann + ai:Ci2 + auCis determinant expanded along first row 


or 


|A| = anCn + aCi + aln determinant expanded along second 
row 
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Similarly, 
|A] = auCu + anCa +anCn determinant expanded along first 
column 
|A| = aisCis + axC23 + as3Cs3 determinant expanded along third 
column 


Note that the subscripts of the element and its cofactor are the same in 
each term of the expansion. This method of expanding a determinant 
is general and can be applied to any n X n determinant. It is sometimes 
called Laplace’s expansion. 

Example 


Consider a matrix 


232 
4A-|-10 1 
` 9n 


The determinant of A is 


232 
=1 01 
2I NIS 


|A| = 


Expanding along the second row, 


lAl = anlan + Q22C'22 + Q23Co3 


= cen |? 2| conse icy? 1] 
= (9 — 2) +0+ (-1)(2 — 6) 
=11 l 
Expanding along the second column, 
LA| = auCis + anCs + anCn 
-3-)«71 H 00s +D)? i| 


= 3(—1)(—5) + 0 + (- D() 
=11 
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4.9 THE COFACTOR MATRIX 


Associated with a matrix A is another matrix whose elements are cofactors 
of the corresponding elements of A. Such a matrix is called the cofactor 
matrix. Consider, for example, the matrix 


Qi Giz Gia 
A = |an Gs Qz 
Q5 Gai Gas 
The corresponding cofactor matrix is 


Cu Cis Cis 
A cofactor -|Cu Cu Cra 


Ca Cas Cas 


4.10 THE ADJOINT MATRIX 


The transpose of the cofactor matrix is called the adjoint matriz. Thus, 
for the above matrix A, 


Aaj = [Acotsctor]” 


or 


Cu Cu Cis |? Cu Cn Cn 
Aa —|Cn Cu Crs} -|C:s Cn Cz 
Cu Cn Crs Ci; Cun Caz 


As we shall see in the next section, the adjoint matrix is very useful in 
finding the inverse of & given matrix. 


4.11 THE INVERSE MATRIX 


If, for a given square matrix A, there exists another si i jn 
E 2 quare matrix B suc 
that 4 Bis BA = I (the identity matrix), then B is said to be the inverse 
of A. The inverse of A is usually denoted by A-1. When it exists, A~’ 
plays & role similar to that played by the reciprocal of a given number in 
ordinary algebra—although it must be noted that not all matrices have 


inverses. As a matter of fact, only square matrices with nonzero determi- 
nants have inverses. 
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Example 
Let 
400 +50" 50 
A=]0 6 2 and B=] 4 4 -4 
2:308 -à 0 1» 
Then 
400 el OOH 100 
AB=|0 G 2 ee elie onig 
2 0 HU 0 91 001 
"OO 40890) 100 
BA =| 4 $4 -$|]|06 2|2|0 1 O 
cé 0k Wem a 001 
That is, 
ABIS BA = I 


Hence, by definition, B = A-'. It may be noted that if a given matrix 
kas an inverse, the inverse is unique. 


How to Find an Inverse 


We shall illustrate two methods for finding the inverse (if it exists) of a 
Square matrix. 


Direct Method 


This method is quite easy to visualize, since it has an obvious relation. 
ship with the definition of the inverse. 


Example 


Find the inverse of 


eq 
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We know that the inverse of A is another matrix A-! such that 
AA-! = I. Let 


bii bal 
re 
: [E bas 
Then, by definition, 
4 2]||bu bi 10 
i i = 
des E 1 p. A k A 


From the definition of equality of matrices, we get 


4b + 2ba = 1 (7) 
4bis + Qheo = 0 (8) 
155 + 3bn = 0 (9) 
Abie + 8b22 = 1 (10) 


From Equation (8), bi» = —4b22; when substituted in (10), this gives 
—4boo 4-354 = 1 
or 
bn = $ 
bin = —4bo2 = —4($) = —4 
From Equation (9), bi; = —3b2; when substituted in (7), this gives 


4(—3b21) + 2621 = 1 


or 
ba = —15 

ba = —3ba = —3(—H) = 3 
Hence, à 


am = [e ba] | is E 
ba bee STORE E: 
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Check: 


bs e 1] 


It is obvious that finding the inverse of a matrix of order higher that 
2 X 2 would be a rather cumbersome task using the direct method. 


Inverting a Matrix by Utilizing Its Determinant 
and Its Adjoint Matrix 


Without giving a formal proof, we define the inverse of a matrix A as 


= Anai 
At= 
|A 


where the determinant |A| and the adjoint matrix 4,4; have been defined 
earlier. 


Example 


Find the inverse of 


4 2 
a-i Al 
The determinant of the matrix A is 


|A| = 12 — 2 = 10 


and the adjoint of matrix A is 


Pm Cu AR 3 “Al 
ty Cis Coe m 4 


z Aadi STA To all 
A LE LEE 4 = i H 


Note that this result is the same as that obtained by the direct method 
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Example 


Find the inverse of 


d 400 
Az=]0 6 2 
oF Xi}e al 


Expanding along the first row, 


|A| = anCy + aCi + ay3Cis 
4(6) +0 + 0 = 24 


Il 


The adjoint matrix is 


Cn Cn Cu 6 0 0 
Asai = Cy. C Cx M 4 4 —8 
—12 


Cis Cos Cau 0 24 
Now, 
6 0 0 
A PEL 4 4 -8 
|l 12 0 24 
Avis gu ^07 
=| 4 d = 
|-4 0 1 


4.12 SYSTEMS OF LINEAR EQUATIONS 


A system of linear equations may be classified into any cne of three 
categories: 


Category 1 


The system of linear equations contains n equations in n unknowns. In 
this category, we can have one of three cases: 


a. The system has a unique solution (see Appendix III). 
b. The system is inconsistent and has no solution (see Appendix IV). 
c. The system has an infinite number of solutions (see Appendix V)- 
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Category 2 


The system of linear equations has more equations than unknowns. In 
this category, it is possible that no values of the unknown variables may 
simultaneously satisfy all the equations. Therefore, we usually use some 
criterion to choose a most desirable set of values. Fitting & line of 
least squares, for example, is an illustration of solving problems in this 
category. 


Category 3 


The system of linear equations has more unknowns than equations. In 

this case, the system can be solved by assigning an arbitrary value(s) to 

the excess of unknowns over equations. Thus, we can find an infinite 

number of solutions to'a given system of linear equations in this category. 

Of these, one or more are chosen in order to obtain an optimal value of 
some objective function. 


The reader will realize that linear-programming problems fall into 
category 3. 


4.13 TERMINOLOGY OF LINEAR- 
PROGRAMMING SOLUTIONS 


With the material covered in Chapters 1 to 3 as background, a general 
statement of a typical linear-programming problem can be made as 
follows: 

Maximize 


F(X)* = 1%, + cata otcococdom4 
subject to the linear structural constraintst 


anti + arte + °° * + aum. € by 
anti + antr + 55 c Hanta S be 


Omit, + deir) + ` coc + denis Ê bm 
* This corresponds to the objective function involving profit contribution (see Section 
3). 


t This corresponds to the inequalities containing the technical specifications of Table 
32. 
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and subject to the nonnegativity constraints* 
220 2,20 URS In =O 


As we observed in Chapter 3, the linear structural constraints of the 
“less than or equal to" type are transformed into equations by the 
addition of nonnegative slack variables. When the above problem is 
stated in the form of equations, we have n + m unknown variables 
(n structural variables and m slack variables). Thus, when stated in the 
form of equations, a linear-programming problem is such that the num- 
ber of equations is less than the number of unknowns. Hence, an infinite 
number of solutions can be found. Of these, the solution that optimizes 
the objective function is chosen. 

Obtaining a solution to a linear-programming problem involves assign- 
ing specific values to the unknown structural variables (x), zs, . . . , tn) 
and the unknown slack variables (z,41, X445, . . . , Tnm) Without violat- 
ing the given structural constraints and the nonnegativity constraints. 
The following terminology, depending upon the number of positive varia- 
bles involved in a particular solution, is used to identify different types 
of solutions: 


1. Feasible solution: any solution containing more than m positive varia- 
bles and satisfying the linear structural constraints and the nonnega- 
tivity constraints] 

2: Basic feasible solution: any solution containing exactly m positive 
variables and satisfying the linear structural constraints and the non- 
negativity constraints 

3. Degenerate basic feasible solution: any solution containing less than 
m positive variables and satisfying the linear structural constraints 
and the nonnegativity constraints 

4. Optimum solution: any basic feasible or degenerate basic feasible 
solution that either maximizes or minimizes the objective function 


In the following chapters, while solving linear-programming problems, 
we shall refer to different solutions in terms of the system of classification 
given above. We avoided using this terminology in Chapters 2 and 3 
because it was felt that some familiarity with matrices and vectors was 
necessary in order to make the classification more meaningful. The reader 
should now be able to apply this system of classification to the different 
solution stages of the graphical and systematic trial-and-error methods. 
* These are the usual nonnegativity 


constraints of a li T H 1 
1 Where m equals the number of li oriri PIOFGHDIHEDIUDE 


near structural constraints. 


Z tT. War 
Ha N ONS 
f&n Library PAN 


iG 2 
S *i 
The Vector z S. ni chapter 
MOM, Calcutta d / 
Method Nd 5 
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5.1 INTRODUCTION 


The reader will recall (Section 4.7) that a set of linear equations can be 
represented as vectors, and vice versa. Thus, in so far as a typical linear- 
programming problem can be stated in terms of linear equations, we can 
represent the problem by employing vector notation. The solution of 
the linear-programming problem, then, can be obtained by performing 
certain vector operations. This approach to solving linear-programming 
problems will be referred to as the vector method. 

The linear-programming problem of Table 2.1 has now been solved by 
the graphical method (Chapter 2) and the systematic trial-and-error 
method (Chapter 3). In this chapter, the same problem will be solved 
by the vector method. A knowledge of the vector method will help the 
reader to understand the mechanics and rationale of the simplex method 


(Chapter 6). 
For quick reference, the data of Table 2.1 are reproduced in Table 5.1. 


Table 5.1 Process Time by Size and Department 


Capacity per 
time period 


Department 


Gavin viet. WOO a eta ae ; d 2.0 2,705 
Folding... . l 4:0 2,210 
Packaging Seles th NAAS 2.0 445 


Profit contribution per unit.....-.+-++- 
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5.2 VECTOR REPRESENTATION 
OF THE PROBLEM 


Using the arguments of the systematic trial-and-error method, we express 
the data of Table 5.1 in the form of equations: 


10.7X + 5Y + 2Z + 18, + 08; + 0S; = 2,705 (1) 
5.4X + 10Y + 4Z + 0S, + 18, + OS; = 2,210 (2) 
0.7X +1Y + 2Z +08, + 08. + 18; = 445 (3) 


The objective function” is 
10X + 15Y + 20Z + 0(S; + S2 + S3) (4) 


Writing Equations (1) to (3) in the vector form, we obtain 


10.7 5 2 1 0 0 2,705 
X| 54|-- Y|10|-Z| 4| - S,|0|+ $|1|0- $:,|0| =| 2,210 
0.7 H 2 0 0 1 445 


If we let 


10 0 2,705 $ 
P,-|1 P,-|0 Py = | 2,210 
0 1 445 
then ‘ 


XP, + YP: + ZP, + SP, SPs + SPa = Po (5) 


Here, Pı, P2, and P; are the so-called structural vectors; P4, Ps, and Pe are 
the unit vectors; Po is the constant or requirement vector. Equation (5) 
states the problem in simple terms. P% is a three-component vector which 
must be expressed as a linear combination of scalar multiples of Pi, Py 
P; P, Ps, and Ps. In other words, the scalars X, Y, Z, Sj, S», and Ss 
are to be given nonnegative values such that Equation (5) is satisfied. 


* The problem, of course, is to maximize the objective function subject to linear 
constraints (1) to (3) and the nonnegativity constraints X > 0, Y >0, 22" 
8; 2 0, 8: > 0, and S, > 0. 
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As can be ascertained quickly, and as we noted while solving the same 
problem by the graphical method, an infinite number of values of the 
scalars can be found to satisfy Equation (5). Our objective is to choose 
that set of values which maximizes the profit-contribution function given 
by (4). 

One further point must be emphasized. Since P, is a three-dimen- 
sional vector, we do not need more than three linearly independent vec- 
tors to represent it in a unique fashion. Accordingly, the problem can 
be solved as follows: 


l. Express P, in terms of all possible linear combinations of Pi, Ps, Ps, 
P4, Ps, and P, taken three at a time. 

2. Calculate the profit contribution resulting from each such combina- 
tion, and choose that combination which yields the highest profit. 


Theoretically, then, we shall have to test as many as 20 combinations 
in this simple problem.* ‘This, however, would involve rather lengthy 
calculations. Instead, to save time and effort and to evolve some sys- 
tematic method of search, we should like to be able to choose a particular 
combination of three linearly independent vectors as a starting point and 
then progressively improve our solution. The method of improvement 
should be such that combinations giving higher profits than the current 
program could be immediately identified. In the vector method, this is 
accomplished in the following manner: 

First, an initial program is designed in such a manner that it represents 
a basic feasible solution.t Second, in order to determine whether the ini- 
tial or current program can be improved, the net effect on the objective 
function of introducing one of the nonbasis vectors to replace at least one 
of the basis vectors is tested.{ If the objective function can be improved, 
this replacement is made. In other words, the old basis is replaced by a 


* By definition, the combination of n things taken r at a time is given by 


C) e n! 

i 313! = 20. 
"m RE seater will recall from Section 4.13, that there are exactly three 
Positive variables (since this is a three-dimensional problem) in the solution. In 
vector terminology, this means that a linear combination of three vectors is used to 
represent the requirement vector Po. Further, the three vectors in the linear com- 
bination are the basis vectors, while the remaining three are the nonbasis vectors. 
t This test is made for each of the nonbasis vectors. Then that nonbasis vector which 
shows the highest improvement potential is introduced in the new basis, 
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new basis. This testing and replacement process is continued until the 
optimum set of basis vectors expressing Po is determined. 

Proceeding in the above fashion (rather than checking each possible 
combination of the given vectors) reduces the computational work con- 
siderably. This, then, is the essence of the vector method. 


5.3 ILLUSTRATION OF THE VECTOR METHOD 
Designing an Initial Program 


As a first step, let us express the requirement vector P, as a linear combi- 
nation of the set of vectors Ps, Ps, and Ps.* Our choice of vectors Pa, 
Ps, and P, as the basis vectors means that we are letting the scalars X, 
Y, and Z equal zero. In terms of the graphical method, this is equivalent 
to starting the initial solution at the origin of the three-dimensional space. 
Physically speaking, this corresponds to producing nothing and thereby 
letting all the resource capacities stay idle. 1 
In Equation (5), if we let X, Y, and Z equal zero, we obtain 


OP: + OP: + OP: + SPa + S2Ps + SPs = Po (6) 


or 


1 0 0 2,705 
S,|0} + S2| 1] + Ss] 0} = } 2,210 
0 0 1 445 
Obviously, if we let S, = 2,705, S» = 2,210, and S; = 445, the above 


equation is satisfied. Our initial solution, therefore, is X — 0, Y — 0, 


* As we observed in Chapter 4, 


are linearly independent and, thus, comprise a set of basis vectors for & three-dimen- 
sionalspace. Hence, the initial basis B is an identity matrix: 


100 
B=(P, Ps Pl =|0 1 0 
0.0 1 
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Z = 0, S; = 2,705, S = 2,210, and S; = 445. This is our first or initial 
program. Substitution of these values for X, Y, Z, Sı, S», and S; into 
the objective function (4) shows that the profit contribution of this pro- 
gram iszero. Equation (6) becomes 


OP; + OP. + OP; + 2,705P, + 2,210P; + 445P. = Po (7) 


Revising the Initial Program 


Can we improve our initial program? Since its profit contribution was 
found to be zero, the answer is obviously in the affirmative. In order 
to revise the initial program, we must first test the net effect on the objec- 
tive function of introducing one of the nonbasis vectors P,, Ps, or P; 
in place of one of the basis vectors Pa Ps, or Ps. If any such replace- 
ment shows improvement potential, then a new set of basis vectors must 
be determined to form a linear combination for expressing Po.* This 
replacement process, it should be emphasized again, must be conducted 
such that only one nonbasis vector is introduced at atime. Thus, in this 
problem, the basis (for a basic feasible solution) will always consist of 
three vectors. / 

Obviously, any one of the nonbasis vectors Pi, P», and P;, if “brought 
Anto" the basis, will improve the profit contribution at this stage of the 
Solution. One unit of Ps, for example, if brought in at this stage of the 
Solution, will improve the objective function by $20. "The introduction 
of 1 unit of P; (having a profit contribution of $20 per unit) means, as . 
we shall show below, that 2 units of P4, 4 units of Ps, and 2 units of P, 
must be replaced (Ps, Ps, and Ps have profit contributions of zero per 
unit).T Similarly, it can be shown that bringing in 1 unit of P, or 1 unit“ 
of P, will result in a net advantage of $10 or $15, respectively, at this 
Stage of the solution. The point to emphasize is that the net advantages 
of these exchanges are different from stage to stage and thus must be 
examined separately at each stage of the solution. 

Since the per-unit contribution associated with P; is greater than that 
of P, or P, at this stage, we now propose to replace one of the basis vectors 
P, P;, or Ps with Ps. The procedure is explained below. 

Since P, is itself a three-dimensional vector, it can be expressed as a 
linear combination of the current basis vectors Pa, Ps, and P, in the 


* The fact that Po is expressed as a linear combination of the set of basis vectors pusane[ 
that we are satisfying the linear structural constraints. 

T Examine the correspondence between this statement and Equetions (14) to (16)| 
9f Chapter 3. 
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initial solution. To determine the particular linear combination, let 
aP, + bP; + cP. = Ps 


where a, b, and c ave scalars, or 


Heet 


The above equation is obviously satisfied if weleta = 2,b = 4,andc = 2. 
Thus, 2P, + 4Ps + 2P, = Ps, which is to say that to introduce 1 unit 
of P; we must remove from the solution 2 units of P4, 4 units of Ps, and 
2 units of Ps. Further, as can be seen from the profit function, such an 
exchange will increase profit by +1(20) — 2(0) — 4(0) — 2(0) = $20 for 
every unit of P; brought into the solution. This exchange being advan- 

_  tageous, we shall carry it to the limit. In other words, we shall keep on 
bringing units of P; into the solution until one of the vectors P4, Ps, or Peis 
removed from the solution. Let us say that at most h units of Ps canbe 
brought in. Then 


2hP, + 4hPs; + 2hP, = hP; 
or 
QhPs + 4hPs + 2hP, — hP; = 0 (8) 


Since the subtraction of zero from a given equation does not change any- 
thing, let us subtract (8) from (7). Then 


OP: + OP. + APs; + (2,705 — 2h)Ps + (2,210 — 4h) Ps 

+ (445 — 2h)Ps = Po (9) 
In Equation (9), Po has been expressed as a linear combination of Ps, Py 
P;, and Pe. However, as stated previously, we need only three vectors 


in the solution. One of the old basis vectors P4, Ps, or P, should there- 
fore be reduced to zero. To reduce P, to zero, let 


2,705 -2, =0 or h = 1,352.5 
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To reduce P; to zero, let 

2,210 — 4h = 0 or h = 552.5 
To reduce P, to zero, let 

445 — 2h =0 or A= 222.5 V 


This means that the maximum number of units of P; that can be brought 

into the solution is 222.5. In other words, h = 222.5 is the controlling or 

limiting number and maximum allowable value that can be inserted into 

Equation (9) without making any term on the left-hand side negative.* 
Letting h = 222.5 in Equation (9), we have 


OP, + OP, + 222.5P; + 2,260P, + 1,320Ps + OP; = Po (10) 
The second program, therefore, is 
X=0 Y-0. 222925. 822260 S.=1,320 S; =0, 


This program yields a profit of 20(222.5) = $4,450.00. : 
Now the basis vectors are Ps, Ps, and Ps, and the nonbasis vectors are 


P, Ps, and Pe. 


Revision of the Second Program 


Is the second program our optimal program? As stated previously, we 
can answer this question only by testing the net effect on the objective 
function of bringing in one of the nonbasis vectors RI Ps, or P, to replace 
one of the present basis vectors P3, P4, or Ps. Representing P; as a linear 
Combination of scalar multiples of the three basis vectors (P3, Ps, and 
P5) now in the solution, we obtain 


GP; + bP, + cPs = Ps 


where a, b, and c are scalars, or 


ERORE 


* We cannot let any term in Equation (9) become negative, as this would violate the 
nonnegativity constraints- 
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The above vector equation can be translated into the following equations: 


2a + 1b+0c=5 ] 
4a + 0b + 1c = 10 
2a + 0b + 0c = 1 


Solving this system of equations, we get 


4P, + 4P, + 8Ps = P2 


In other words, to bring in 1 unit of Pz we shall have to remove from 
the solution 4 unit of P;, 4 units of Ps, and 8 units of Ps. This exchange 
will have the following effect on the profit function: 


+1(15) — 4(20) — 4(0) — 8(0) = +5 dollars 


In so far as this is a profitable exchange, we shall replace at least one of 
the vectors now in the solution, namely, Ps, Ps, or Ps, with P2.* 
Following the same argument as before, let us say that at most k units 


aes can be brought in without violating the nonnegativity constraints. 
en 


4kPa + 4kP, + 8kPs = kP: 


or 
kP, + AkP, + 8kPs — kP: = 0 (11) 


* Actually, the relative exchange profitabilities of all the nonbasis vectors (here Py 
P», and Pe) should have been compared, and the nonbasis vector with the highest net 
advantage chosen to make the replacement. But here, as soon as it was found the 
the nonbasis vector P; had improvement potential, we decided to obtain a new basis 
to include P+. A complete set of comparisons among all the nonbasis vectors w88 not 
made because our intent is only to focus on the vector method as a forerunner of te 


simplex method, which does make all such compari ion: 
As it turns out, P; is the correct choice. Dane jae aai PETA rit 
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We subtract (11) from (10): 
OP; + kP2 + (222.5 — 3k)P3 + (2,260 — 4k)P, 
+ (1,320 — 8k)P; + OP, = P, (12) 

In Equation (12), Po has been expressed as a linear combination.of P», 
Pa, P4, and Ps. However, we really need only three vectors in the solu- 
tion, and one of the vectors P5, P4, or Ps should be reduced to zero. To 
reduce P; to zero, let 
222.5 — dk = 0 or k — 445 

To reduce P, to zero, let 
2,260 — 4k = 0 or k = 565 

To reduce P; to zero, let 


1,320 — 8k = 0 or k = 165V 


Thus, k = 165 is the limiting case. That is, we cannot bring in more 
than 165 units of P; without violating the nonnegativity constraints. 
Substituting k = 165 in Equation (12), we get | 


OP, + 165P, + 140P: + 1,600P, + OPs + OPs = Po a3. 
The third program, therefore, is 
X=0 Y-16 Z=140 35-160 3585-0 358-0 


This program yields a profit of 15(165) + 20(140) = $5,275. 
The basis vectors of this program are P», Pa, and P4; the nonbasis vec- 
tors are P;, Ps, and Ps. ; 


Revision of the Third Program 


Again we pose the same question: Can we further improve the current 
Program? Note that any improvement in the present program can be 
made only by replacing one of the basis vectors now in the solution (P5, 
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Ps, P4) with one of the nonbasis vectors not in the solution (Pi, Ps, Ps). 
Let us determine the consequences of bringing in Pi. 


Expressing P; as a linear combination of the basis veators (Pa, Ps, and 
P4), we have ; 


aP + bP; + cPs = Pi 


where a, b, and c are scalars; then 


5 2 1 10.7 
a\10|+b\4|+c)0)=| 54 
1 2 0 0.7 


The above vector equation is translated into the following equations: 


5a + 2b -- c = 10.7 
10a + 4b + 0c = 5.4 
la+2b+0c= 0.7 


Solving this system of equations, we get 


Hence, 
Pa + Ps + 8P, = P, 


In other words, to bring in 1 


To unit of Ps, and 8 units of P, st remove 3 unit of Px 


unit of Pj, we mu 
from t i f 
exchange on profit, we have \ the solution. For the effect of this 


+10 ~ 415) ~ $(0) — 8(0) = +4 dollar 

This indicat ; r 

pressed ae oe pepe and, therefore, should b? 

number of units of P, that can IER Dread His maximum 
units, en 


imnP, sp TomP; + 8mP, = mP. 
1 
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or 
mPa + omP, + 8mP, — mP, = 0 (14) 
We subtract (14) from (13): 


mP, + (165 — }m)P2 + (140 — dm)Ps 
+ (1,600 — 8m)P, + 0P; + 0Ps = Po (15) 


As explained previously, we know that at least one of the vectors P», P; 
or P, in (15) must be reduced to zero. To reduce Ps to zero, let 


165 — m = 0 or m = 330 
To reduce P; to zero, let 

140— ym — 0 or m= 1,400 
To reduce P, to zero, let 

1,600 — 8m —- 0 or  m-200v 


We note that m = 200 is the limiting case. Substituting m — 200 in 
Equation (15), we get 


200P, + 65P; + 120P; + OPs + OP; + 0Ps = Po 
The fourth program, therefore, is 
X = 200 y-6 2Z=120 $&-0 &-0 S=0 


This program yields a profit contribution of 


10(200) + 15(65) + 20(120) = $5,375 


Having solved the same problem earlier, ve know that this is the optimum 
Solution. However, we can test the effect on the objective function of 
the replacement of any one of the present basis vectors (P, P}, P;) by 
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any one of the nonbssis vectors (P4, Ps, Ps). The tests are summarized 
below. 


Effect of Briuging in P, 
Let P, = aP, + bP, + cP3; then 


1 10.7 5 2 
0|—-a| 54/+6]10)+cl]4 
0 0.7 1 2 
whence 
a=% b=-y c= —g5 


The effect on profit is 


+0 — 5(10) + re(15) + s5(20) = — 8 = -i 


In other words, for every unit of P, brought into the solution at this stage 
total profit would be reduced by + dollar. à 


Effect of Bringing in Ps 
Let Ps = aPı + bP. + cP;; then 


ae 


whence 

Uc ET REST mer) 
The effect on profit is 

+0 + 40) - 


32(15) + 3$,(20) = — i 


In other words, for 


every uni 
total profit would aes ae 


brought i ; i 
be reduced by ü dollar. into the solution at this stage, 
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Effect of Bringing in Ps 
Let Ps = aPı + bP: + cP3; then 


KORUR 


whence 


aa 


a=0 b= -} c= 
The effect on profit is 
4-0 + 0(10) + (05) — 820) = —¥ 
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In other words, for every unit of P, to be brought into the solution at this 


stage, total profit would be reduced by * dollars. 


Table 5.2 


Nonbasis vectors | Profit contribution 


Program Basis vectors 


1 Py, Bs, Ps Pı, Pa, Ps 0 
2 PPa Ps Py, Pj, Ps $4,450 
3 Py Py Ps Pi, Ps, Ps $5,275 
4 P, Ps, Pa P., Ps, Ps $5,375 


We therefore note that any change in the fourth program will decrease 
rather than increase the value of the profit function. Hence, the fourth 


program is the optimum program. 


Given in Table 5.2 is a summary of the various solution stages of the 
problem as solved by the vector method. The reader should compare 


this summary with the one given in Table 3.3. 


5.4 PROCEDURE SUMMARY FOR THE 
VECTOR METHOD (MAXIMIZATION CASE) 


Step 1 Formulate the Problem 


a. Translate the technical specifications of the problem into inequalities, 


and make a precise statement of the objective function. 
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b. Convert the inequalities into equalities by the addition of nonnegative 
slack variables. Attach a per-unit profit of zero to each of these slack 
variables or "imaginary" products. 

c. Write the equations obtained in (b) in the form of vectors. 


Step 2 Design a Program (Choose a Set of Basis Vectors) 


‘a. Express the requirement vector Po as a linear combination of a set of 
independent vectors (the first program is always obtained by expressing 
Po as a linear combination of unit vectors). This set of vectors forms 
the basis. 

b. Express the program in the form of a vector equation containing all 
basis and nonbasis vectors with proper scalars, 


Step 3 Revise the Program (Choose a New Set of Basis Vectors) 


a, Identify the incoming vector. Express all the nonbasis vectors as linear 
combinations of the basis vectors, and determine the exchange profita- 
bilities of all the nonbasis vectors. If none of the nonbasis vectors 
shows any exchange profitability, the problem is solved and no revision 
is needed, Otherwise the nonbasis vector with the highest exchange 
profitability is chosen to become one of the new basis vectors. 

b. Determine the inaximum units of the incoming vector. Multiply the 
exchange equation of the incoming vector by some unknown scalar k 
and arrange it in such a manner that its right-hand side is zero. Sub- 
tract this exchange equation from the program equation of step 2. 
"Then determine the maximum units of the incoming vector (the value 
of some constant k) so that at least one of the current basis vectors 
acquires zero as its scalar. This will lead to a new set of basis vectors 
and hence a new program—expressed in the form of a vector equation. 


Step 4 Obtain the Optimum Program 


Repeat steps 3 and 4-until an 
optimal program has been 
all the nonbasis vectors are 


optimal program has been designed. An 
reached when the exchange profitabilities of 
Zero or negative. 


5.5 THE VECTOR METHOD 
(MINIMIZATION CASE) 


The procedure for solving a linear. 


tep) -prog.ammi i i 
objective function is to bc Tainimiz few o aio qe 


ed is exactly the same as given above 
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except that (1) the nonbasis vector whose exchange with the current basis 
vectors results in the highest cost reduction is chosen as the incoming 
vector and (2) an optimal solution has been reached when the exchange 
of each nonbasis vector in the optimal program does not decrease the value 
of the objective function. k 

The reader is encouraged to design a minimization problem and solve 
it by applying the vector method. 


chapter 


The Simplex 
6 Method. I 


6.1 INTRODUCTION 


Of the various methods. of solving linear-programming problems, the 
simplex method is the most general and powerful. Actually, the graph- 
ical method (Chapter 2), the systematic trial-and-error method (Chapter 
'8), and the vector method (Chapter 5) were presented mainly to give the 


reader a “feel” for linear-programming problems and to acquaint him with 
some of the technical terminology so essential in 


rationale and mechanics of the simplex method. 
practice, linear-programming problems of a: 
solved by application of the simplex method. 

The simplex method is based on the propert 
a linear-programming problem, if it exists, 
the basic feasible solutions. * 


understanding the 
Otherwise, in actual 
ny significance are usually 


y that the optimum solution to 
can always be found in one of 
simplex method, the first step 
n. ‘As explained in the vector 


, 
As explained 


solution. 
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method. However, as we shall see below, the beauty of the simplex 
method lies in the fact that the relative exchange profitabilities of all the ' 
nonbasis vectors can be determined simultaneously* and easily; the 
replacement process is such that the new basis does not violate the feasi- 
bility of the solution. 

The simplex method, as we shall see below, is quite simple and mechani- 
calin nature. The steps of the simplex method are repeated until a finite 
optimum solution, if it exists, is determined. Otherwise, the method 
indicates either that the given linear-programming problem has no solu- 
tion or that no finite maximum exists. 


6.2 THE PROBLEM (A MAXIMIZATION CASE) 


To fix ideas and to facilitate comparisons with the other methods of solv- 
ing linear-programming problems, we shall solve the problem of Table 
2.1 by the simplex method. For quick reference, the data of Table 2.1 
are reproduced as Table 6.1. 


Table 6.1 Process Time by Size and Department 


Capacity per 
time period 


Department 


————————— 


Cuttilg. thie sc cce nere hte age 
Folding.....:.e eR 
Packaging...... 005-00. +++ sess 
Profit contribution per unit........-.- | 


As in the other methods, our first step is to translate the technical data 
into inequalities: 
10.7X + 5Y + 2Z < 2,705 
5.4X + 10Y + 4Z € 2,210 
O7X + 1Y + 2Z < 445 


By the addition of slack variables Si, Sz, and Ss, these inequalities can 


“In the vectormmnethod (a5 presented in Chapter 5, the net effect of each nonbasis 
Vector was determined individually. 
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be converted into equations. The slack variables may be given the 
familiar physical interpretation in which the capacities of cutting, folding, 
and packaging departments not utilized in producing products X, Y,Z 
are, respectively, used to produce imaginary products Sı, S», S5, each 
giving a per-unit profit contribution of zero. 

Our problem, then, can be stated as follows: 

Maximize 


10X + 15Y + 20% + 08; + 0S: + OS; 
subject to 


10.7X + 5Y + 2% + 18; + 0S2 + 08; = 2,705 
5.4X + 10Y + 4Z + 0S: + 18: + 05s 
0.7X + 1Y + 2% + 08: + 082 + 18s 


T agri 

He ou 

SUE to 
o 


and X > 0, Y > 0, Z 2 0; Sı 20 8:2 0, Sı 2 0. 

The simplex method, which, in effect, is a concentrated and more efficient 
arrangement of the vector method, proceeds to solve the above problem 
by designing and redesigning successively better basic feasible solutions 
until an optimum solution is obtained. Each program, as we shall see 
below, is given in the form of a matrix or tableau. Although there are 
various forms for a simplex tableau, we shall follow the one given in Fig- 
ure 6.1, which contains an initial program for the problem given in Table 
6.1.* The nomenclature of the simplex tableau, as identified in Figure 
6.1, will be followed throughout this book. If the rows and columns of 


a given tableau are labeled in a different fashion, it is solely for the sake 


of convenience. To interp 
can always refer back to Figure 6.1. 


terpret the basic role and significance of these, we 


6:5 DESIGNING THE INITIAL PROGRAM 


As in the systematic trial-and-error method and the vector method, the 
first program in the simplex method is that which involves only the slack 
variables. This program is summarized in Tableau 6.1. 

The interpretation of the data in Tableau 6.I must be fully grasped in 


order that the simplex method be understood. Let us, therefore, discuss 


* See Section 6.3. 
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Tableau 6.1 


Profit $10 
Program perunit Quantity X 


10.7 


the contents of Tableau 6.I. Other simplex tableaux will have similar 
interpretations. 


1, 


2. 


In the column labeled “Program” are listed the particular RUBUS 
in the solution (products being RETAN Thus, in our first pro- 
; ly Si, Ss, and S3. 
Ba e let pocace per unit” are listed the coefficients (in 
the objective function) of the yariables included in the specific pro- 
gram. Thus, the coefficients of S1, Sa, and Ss, Which are included E 
the initial program, are listed in the "Profit per unit” column. As 
can be ascertained from the objective function, the coefficients of S1, 
Sz, and S; are all zero. ; 
In the column labeled "Quantity" are listed the magnitudes of the 
variables included in the solution (quantities of the products being 
produced in the program). Since our initial program consists in pro- 
ducing 2,705 units of 51, 2,210 units of S», and 445 units of Sz, these 
values are listed in the “Quantity” column. 
The total profit contribution resulting from a given program can be 
calculated by multiplying corresponding entries in the "Profit per 
unit” column and the "Quantity" column and adding the products. 
Thus, in our first program, total profit contribution is zero [(0)2,705 + 
(0)2,210 + (0)445]. 
Numbers in the main 
interpreted to mean 
stage of the solution 
the above fashion (i. 
variables), these ph 
to the given techni 


body (entries in columns X 
Physical ratios of substitu 
Process. In the first table 
€., include in the program 
ysieal ratios of & 
ical Specifications. 


, Y, and Z) can be 
tion at a particular 


nothing but the slack 
ubstitution correspond exactly 
For example, the number 10.7 


* The basis variables, 


au, if constructed in d 
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gives the rate of substitution between X and Si.* In other words, if 
we wish to produce 1 unit of X, then 10.7 units of Sı must be "'sacri- 
ficed." That is, available cutting capacity will be reduced by 10.7 
units. The numbers 5.4 and 0.7 have similar interpretations. By 

-it the same token, to produce 1 unit of Y, we must “sacrifice” 5 units 
of Sı, 10 units of Sz, and 1 unit of Ss. ) 

6. Like the numbers in the main body, the entries in the identity (col- 
umns Sj, So, and S;) can be interpreted as physical ratios of exchange. 
Thus, the numbers in column 5; represent, respectively, the ratios of 
exchange between S, and the variables Sı, S», and S; in the solution. 

7. The numbers at the top of the columns of the main body and identity 
represent the coefficients of the respective variables in the objective 
function. 


6.4 TESTING THE OPTIMALITY 
OF THE CURRENT PROGRAM 


In so far as the total profit contribution resulting from our initial program 
is zero, it can obviously be improved and, hence, is not the optimal pro- 
giam. In any case, the signal that an improvement in the current pro- 
gram can be made and that the optimal solution has not been obtained 
is given by the entries in the.so-called nel-evaluation row or base row (see 
Figure 6.1) of a given tableau. Let us explain. 

Assume that we wish to change the program in Tableau 6.I by intro- 
ducing (producing) 1 unit of X. This would, as explained previously, 
involve sacrificing 10.7 units of Si, 5.4 units of S» and 0.7 unit of S3. 
The effect of this exchange on the profit function would be 


+1(10) — 10.700) — 5.4(0) — 0.7(0) = +10 


In other words, the introduction of 1 unit of X at this stage of the solu- 
tion will increase the value of the profit function by $10. Thus, the oppor- 
tunity cost: of not having this unit of X in our solution is $10. It is this 
number that is entered in the net-evaluation row under column X. Simi- 
larly, as can easily be ascertained, the opportunity costs of not having 
Products Y and Z in our solution at this stage are $15 and $20 per unit, 
Tespectively. This is the significance of the numbers in the net-evalua- 
tion row, "The mechanics of the calculation of the net-evaluation row of 
any tableau is given below. 


* Note that 10.7 lies at the intersection of column X and row Si. 
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To get a number in the net-evaluation row under any column, multiply the 
entries in that column by the corresponding numbers in the objective column, 
and add the products. Then subtract this sum from the number listed in the 
objective row at the top of this column. 

The numbers in the net-evaluation row, as the above discussion indi- 
cates, represent the potential improvement in the objective function 
which will result from the introduction into the program of 1 unit of each 
of the respective column variables. Thus, by definition, these numbers 
represent the opportunity costs* of not having 1 unit of each of the 
respective column variables in the solution. Since we are dealing with a 
linear-programming model which assumes certainty, the presence of any 


Tableau 6.1 


Profit 10 
Program per unit Quantity X 


0 2,705 10.7 
0 2,210 54 


0 


Net-evaluation row: 10 


Key number Key row 
(outgoing variable) 


Key column (incoming variable) 


positive opportunity cost in the 
indicates that an optimum soluti 
number in the net-evaluation row 


net-evaluation row of a given tableau 
on does not exist. Hence, any positive 
ts indicative of the presence of positive 
a better program can be designed. This 
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6.5 REVISION OF THE CURRENT PROGRAM 
Identification of the Key Column 


The three positive numbers (10, 15, 20) in the net-evaluation row of 
Tableau 6.I indicate, respectively, the magnitudes of the opportunity 
costs of not including 1 unit of variables (products) X, Y, and Z in this 
program. Since the highest opportunity cost falls under column Z, the 
variable (product) Z should be brought into the program first. Column 
Z, then, is called the key column. 

The column under which falls the largest positive opportunity cost forms 
the key column. 

The reason for calling this column the key column is obvious. It is the 
variable (product) of this column which is to be brought in the solution, 
thus providing a “key” in obtaining the revised program. 


Identification of the Key Row and the Key Number 


After we have decided to "bring in" variable (product) Z to replace at 
least one of the variables (products) in the current program (Si, S2, or $5), 
the question becomes: How many units of Z can be brought in with- 
out exceeding the existing capacity of any one of the resources? In 
linear-programming terms, this means that we must caleulate the maxi- 
mum allowable number of units of Z that can be brought into the program 
without violating the nonnegativity constraints. If we examine Tableau 
6.I, we note that to bring in 1 unit of Z, we must “sacrifice” 2 units of Sı, 
4 units of S; and 2 units of Ss. In so far as we are currently produc- 
ing only 2,705 units of Si, it is clear that no more than 1,352.5 units 
(2,705/2 = 1,352.5) of Z can be brought in without violating the capacity 
restrietion of the cutting department. Similarly, at this stage of the 
Solution, the production of Z is limited to 552.5 units (2,210/4 = 552.5) 
and 222.5 units (445/2 = 222.5) by the available capacities of the folding 
department and packaging department, respectively : The limiting case, 
therefore, arises from row Ss in Tableau 6.1. This, then, is our key row, 
and 222.5 units is the maximum quantity of the product Z that can be 
Produced, at this stage of the solution, without. violating the nonnega- 
tivity constraints. The mechanies of the identification of the key row 


1S given below. A 
Divide the entries under the *Quantity" column by the corresponding 
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nonnegative* entries of the key column, and compare these ratios. The 
row in which the smallest ratio falls is the key row. The reason for calling 
this row the key row is evident. It is this row that limits the magnitude 
of the incoming variable (product). Thus, it provides a “key” in deter- 
mining the revised program. 


The calculations which help identify the key row in Tableau 6.1 are 


For the cutting department (row S:): 


E = 1,352.5 units 


For the folding department (row S:): 


2 
an” = 552.5 units 


For the packaging department (row S;): 


E = 222.5 units V 


While going through the simplex algorithm, it is convenient to place such 
calculations on the extreme right-hand side of a given tableau. For pur- 
poses of identification, we shall ref 


er to the results of these calculations as 
the replacement ratios. The limiting quantity of the incoming variable 
(product) is then identified by a simple check mark (v), as has been done 
in Tableau 6.1. Obviously, i 


the limiting quantity is gi t 
replacement ratio. d y 18 given by the lowes 


Once the key row and the key column have bi i 
, Once th een det the 
identifieation of the key number is a simple matter. dy 


duction of the key-column JH , » would provide no limit to the intro- 


us y He in i ivi 
positive ratios of substitution need be Sane identifying the key row, only the 
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6.6 DERIVATION OF TABLEAU 6.II 


The identification of the key column and the key row has shown us that 
the variable (product) Z will replace variable (product) S; and that no 
more than 222.5 units of Z can be produced under the current capacity 
restrictions. Our next task is to determine the exact composition of the 
remainder of the revised program. In other words, we must find the 
reductions in S; and S; due to the fact that 222.5 units of Z are to be 
included in the revised program. 

Since it takes 2 units of packaging-department capacity to produce 1 
unit of Z, it is evident that all 445 units (222.5 X 2) of the packaging 
capacity are exhausted. However, as we noted earlier, the production of 
1 unit of Z also takes 2 units of cutting-department capacity and 4 units 
of folding-department capacity. Thus, the remaining capacity of the 
cutting department is 2,705 — (222.5 X 2) — 2,260, and the remaining 
capacity of the folding department is 2,210 — (222.5 X 4) — 1,320 units. 

Another way to say the same thing is that our second program calls for 
producing Z = 222.5 units, S, = 2,260 units, S; = 1,320 units, 5; = 0, 
X — 0, and Y — 0. The three products (Sı, S», and Z) included in the 
second program are listed in the “Program” column in Tableau 6.11. 

As the reader will recall, this second program corresponds to using Ps, 
P,, and P; as the basis vectors in the vector method presented earlier. 
Further, it should be emphasized that the ratios of substitution among 
different variables at this stage of the solution are those that were 
obtained in Equations (17) to (19) of the systematic: trial-and-error 
method (Chapter 3). Since the main body and the identity of a simplex 
tableau contain these very ratios of substitution, we could use the infor- 
mation of Equations (17) to (19) to build our Tableau 6.IL* "The 
simplex method, however, provides a mechanics with which the task can 
be simply accomplished. Let us illustrate. ; } 

Tableau 6.11, which will contain our second program, is to be derived 
from Tableau 6.1, which represented our initial program. In so far as the 
number of variables in the solution from one program to the next remains 
Constant, each simplex tableau formed in the process of solving a linear- 
Programming problem contains & fixed number of rows.t Further, any 


“Equations (17) to (19) of Chapter 3 are rearranged in the following form: 


222.5 = 0.35X + 0.5Y +12 + 0S: + 08: + 0.58: 
2,260 = 10x +. 4¥ +0% +15: + 0S: — 15: 
1320 = AX + gy +02 +05: + 18: — 25s 


t This corresponds to t 


he fact that the number of basis vectors, from one basis to 
Anotho 25 Le IT. CT nom 
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given tableau, during the solution stages, has two types of rows: (1) the 
key row and (2) the nonkey rows. Thus, to derive a new tableau from an 
old tableau, all we have to do is to establish rules of transformation for 
these two types of rows. These rules of transformation, presented below, 
form the mechanical foundations of the simplex method. The rules are to 


be applied to the entire set of entries of each row, starting with and to the 
right of the "Quantity" column. 


Transformation of the Key Row 


The rule for transforming the key row is: Divide all the numbers in the key 
row by the key number. The resulting numbers form the corresponding 
row (to be placed in exactly the same position) in the next tableau. 

Thus, the third row in Tableau 6.II (row Z) is derived from the third 
row in Tableau 6.I (row S;) by simply dividing all the numbers in row S; 
by 2 (the key number). The new row Z (Tableau 6.II) is 


222.5 0.35 0.5 1 0 0 0.5 


Transformation of the Nonkey Rows 


The rule for transforming a nonkey row is: Subtract from the old row 
number (in each column) the product of the corresponding key-row number 
ae Xe icon pet ratio formed by dividing the old row number in 
e key column by the key number. The result will gi i 
da) ear ec will give the corresponding 


The above rule can be placed in the following equation: 


New row number = old row number 


T (aah number 


in key row 


n) 
fixed ratio 


where 


Fixed ratio = 9ld row number in key column 
key number 


Thus, the new row S, f. T f T 
lag dedia 2/2 = D : ableau 6.11 is derived as follows (correspond- 
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Old row Kn (TEE number aera) 


number in key row fixed ratio ) = REW Tow number 
2,705 — (445 = 
10.7 — (0.7 4 i; = xt 
DIT (1 x 1) = 4 
2 ie (2 x 1) z 0 
Ne (0 x 1) = 1 
0 s (0 x 1) E 0 
0. — a x 1) z A 


Similarly, th i i 4 5 
du y, s 2 p" row S; is derived as follows (corresponding fixed 


new row number 


Oldrow _ Woes number x opes: 


number in key row fixed ratio 
2210) = (445 x 2) = 1,320 
54 — (0.7 x 2) - 4 
1025— el x 2) = 8 
4 = (2 x 2) = 0 
0 — (0 x 2) = 0 
ee (0 x 2) = 1 
Oe, = d x 2) = =2 


These results are now entered in Tableau 6.11. 


Tableau 6.11 


Profit 
Program per unit Quantity 


Outgoing product Incoming product 


eau 6.11, our second program calls for the produc- 


As indicated in Tabl E 
— 1,320, and Z = 222.5 units. The variables S;, 


tion of S; = 2,260, S: 
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X, and Y are not in the solution (program) and, therefore, assume values 
of zero. The total profit contribution resulting from this program is 
$4,450 [2,260(0) + 1,320(0) + 222.5(20)]. 


6.7 DESIGNING ANOTHER PROGRAM 
(REVISION OF THE SECOND PROGRAM) 


As the net-evaluation row* of Tableau 6.II shows, we still have two sepa- 
rate positive opport:iuity costs associated with not having 1 unit of each 
of variables (products) X and Y in the program. Hence, program 2, 
contained in Tableau 6.11, is not an optimum program. This calls for 
designing a new program and, therefore, deriving a new Tableau 6.III. 
The procedure for deriving Tableau 6.III is exactly the same as was 
followed in deriving Tableau 6.II. Before deriving Tableau 6.III, let us 
emphasize again that the numbers contained in the rows of Tableau 6.III 
will be the same as the coefficients of the different variables in Equations 
(21) to (23) in the systematic trial-and-error method.[ Similarly, the 
numbers contained in the rows of Tableau 6.II are the coefficients of the 
different variables in Equations (17) to (19) of Chapter 3. This type of 
correspondence can be identified not only between the simplex method 
and the systematic trial-and-error method but essentially among all the 
methods of solving linear-programming problems discussed in this book. 
The advantage of the simplex method lies in the easy mechanical nature 
of its solution process, whereby a finite number of iterations takes us to 
the optimum solution. Important as the simplex method is for learning 


* Calculated from 


1 Rearrange the equations so that the constant terms are on the left-hand sides. See 
first footnote in Section 6.6. 
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purposes, we can really appreciate its value by noting that this type of 
procedure can easily be programmed into a computer. Thus, linear- 
programming problems of even very large dimensions can be solved in 
relatively short periods of time. 


Derivation of Tableau 6.III 


The two positive numbers in the net-evaluation rowyof Tableau 6.II, as 
noted earlier, indieate the existence of opportunity costs which must be 
eliminated. Since the introduction cf each unit of Y into the program 
(at this stage) adds the highest profit contribution (or reduces the largest 
opportunity cost per unit), it is selected to be the “incoming” product. 
Thus, the column labeled Y is the key column. As before, we must now 
determine the limit on the quantity of Y which can be introduced into the 
program and thus identify the key row. The limiting quantities of 
variables Sı, S», and Z are shown on the right-hand side of Tableau 6.II; 
they indicate that row S; is the key row, and 8 is the key number. 

By the rules of transformation presented earlier, the second row of 
Tableau 6.III (row Y) is derived from the second row of Tableau 6.II 
(row S2) by simply dividing all the numbers in row S: by 8 (the key 
number) Row Y of Tableau 6.III becomes 


165 0.5 1 0 0 0.125 —0.25 


The nonkey rows of Tableau 6.II are transformed as follows: 


Old row number 


i ; correspondin 
i corresponding number pond s) SM ATE 
in key row fixed ratio 


Calculations for row Sı (fixed zatio = 4/8): 


2,260 — (1,320 x 0.5) = 1,600 


l0—(4 x05- 8 
4—(8 x05- O0 
0—(0 x05- 0 

,U-—(0 x05 1 
0—-(ü  x05- -05 


-1—(-2 x0.) 
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Calculations for row Z (fixed ratio = 0.5/8): 


222.5 — (1,320 X 0.0625) = 140 
0.35 — (4 Xx 0.0625) = 0.1 
05 — (8 X 0.0625) = 0 


1 —(0 xX 0.0625)= 1 
0 —(0 x00925-2 0 - 
0 —(  x0.0625) = —0.062 


05 —(—-2 X0.0625) = 0.625 


These calculations are entered in Tableau 6.HI. As indicated in Tableau 
6.1II, our third program calls for the production of Sı = 1,600, Y = 165, 


Tableau 6.III 


Profit 
Program per unit Quantity X 


0.625 | 1,400 


Outgoing product 


Incoming product 


and Z = 140. The variables Sə, S;, and X are not in the program and, 
therefore, assume values of zero. The total profit contribution resulting 
from this program is $5,275 [1,600(0) + 165(15) + 140(20)]. 


6.8 DESIGNING ANOTHER PROGRAM 
(REVISION OF THE THIRD PROGRAM) 


The net-evaluation row of Tableau 6.III still contains one positive num- 
ber; indicating the existence of a positive opportunity cost. In order to 
eliminate this positive opportunity cost, variable (product) X should 


now be brought into the program. The column labeled X is therefore the 
key column. 


Sec. 6.9 The Simplex Method. I 125 


The calculations for the limiting quantities of X that can be produced 
in view of the current program are shown at the extreme right-hand side 
of Tableau 6.III. These calculations reveal that row S, is the key row. 
At the intersection of the key column and the key row is our key number, 
8. We are now in a position to determine the revised program. 

As before, the derivation of the revised program (Tableau 6.IV) is 
accomplished by following the two transformation rules presented earlier. 
The key row of Tableau 6.III (row Sı) is transformed into row X of 
"Tableau 6.IV, whereas the nonkey rows (rows Y and Z) are transformed 
into the corresponding rows of Tableau 6.IV. The reader is encouraged 
to check these transformations, which are embodied in Tableau 6.IV. 
As indicated, our fourth program calls for the production of X — 200, 
Y = 65, and Z = 120 units. The variables Sı, S», and S; are not in the 


‘Tableau 6.1V 


Profit 
Program per unit Quantity 


— 0.062 


0.156 —0.25 


—0.056 0.625 


Net-evaluation row: 0 0 0 -0,062 -0.593 -8.75 


solution (program) and, therefore, assume values of zero.* In other 
words, the fourth program will fully utilize the capacities of our cutting, 
folding, and packaging departments. The total profit contribution 
resulting from this program is $5,975 [200(10) + 65(15) + 120(20)]. 
The next question is: Is this our optimal program? 


6.9 THE OPTIMAL PROGRAM 


All the values in the net-evaluation row of Tableau 6.1V are either zero 
9r negative. This fact, as we established earlier, indicates that an 


Optimal program has been obtained. A i 
The ee interpretation of the entries in the net-evaluation row 


* See the first column of Figure 6.1. 
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of the optimal program is interesting. Since the net evaluation of S; at 
this stage is — 0.062, the introduction of 1 unit of S; (letting 1 unit of the 
cuiting-department capacity stay idle) will decrease the objective func- 
tion by $0.062. By the same reasoning, if we had one more unit of Sı, 
the objective function could be increased by $0.062. In other words, 
$30.062 gives us the accounting price or shadow price of 1 unit of cutting 


First phase 


Formulate the 
problem and the 
objective function 


Second phase 


Design an 
initial program 


Third phase 


Test the given 
program for 
optimality 


Revise the 
program 


The problem is solved 


Figure 6.2 Schematic representation of the simplex algorithm. 


capacity. It is similar to the economist’s concept of the “worth”? of & 
marginal unit of cutting-department capacity. Similarly, the shadow or 
accounting prices of S; and S; are, respectively, $0.593 and $8.75.* The 
. value of all the available resources, using these shadow prices, can be 
calculated by multiplying the existing capacities of the different A E 
by their respective shadow prices and adding the products. In our case, 
this value is equal to $5,372 [2,705(0.062) + 2,210(0.593) + 445(8.75)]. 
Comparing this imputed value of the available resources with the value of 


= The same information can be obtained by examining the final form of the objective 
function in the systematic trial-and-error method (see end of Section 3.3). 
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the objective function in the optimal program (Tableau 6.IV), we find 
that their magnitudes differ only by $3. Actually, the two values should 
have been exactly equal. The discrepancy has been caused by rounding 
errors. The fact that the value of the objective function in the optimal 
program equals the imputed value of the available resources has been 
called the fundamental theorem of linear programming. It is this theorem 
which. is embodied in the concept of the dual. A discussion regarding 
the relationship between the so-called primal problem in linear pro- 
gramming and its dual will be presented in Chapter 8. 

The solution of a linear-programming problem by the simplex method, 
as we have seen above, rests on a simple procedure consisting essentially of 
three phases. The first phase, of course, is to formulate the problem and 
the objective function. The second phase inyolves the design of an 
initial program which includes only the slack variables. The third phase 
consists in applying a test of optimality to determine whether a given 
program can be improved. The mechanics of the third phase, which 
repeats itself until an optimal solution (if it exists) is obtained, consists of 
two parts: (1) testing the optimality of the current program and (2) 
revising the current program, if necessary, according to definite rules of 
transformation for the key row and the nonkey rows of the simplex 
tableau containing the current program. A schematic diagram of this 
iterative procedure is given in Figure 6.2. 

A step-by-step summary of the simplex procedure is given below, 


6.10 SUMMARY PROCEDURE FOR THE 
SIMPLEX METHOD (MAXIMIZATION CASE) 


Step 1 Formulate the Problem 


a.. Translate the technical specifications of the problem into inequalities, 
and make a precise statement of the objective function. 

b. Convert the inequalities into equalities by the addition of. nonnegative 
slack variables.* These equalities should be symmetric or balanced so 
that each slack variable appears in each equation with a proper 


coefficient. f 
€. Modify the objective function to include the slack variables. 


* We assume here that all the inequalities are of the “less than or equal to” type. 

ora complete summary procedure for handling the three types of requirements 
(s, >, and =)-see Section 7.8.qf this book. Of course, in a maximization problem, 
itis Convenient to convert all inequatities-of the 2 type into inequalities of the < type 


2 multiplying both sides of the inequalities by —1. 
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Step 2 Design an Initial Program (a Basic Feasible Solution) 


Design the first program so that only the slack variables are included in 
the solution. Place this program in a simplex tableau. In the objective 


row, above each column variable, place the corresponding coefficient of 
that variable from step 1c. 


Step 3 Test and Revise the Program 
a. Calculate the net-evaluation row. To get a number in the net-evalua- 
tion row under a column, multiply the entries in that column by the 
corresponding numbers in the objective column, and add the products. 
Then subtract this sum from the number listed in the objective row at 


the top of the column. Enter the result in the net-evaluation row 
under the column. 


b. Test. Examine the entries in the net-evaluation row for the given 
simplex tableau. 1f all the entries are zero or negative, the optimal 
solution has been obtained. Otherwise, the presence of any positive 


entry in the net-evaluation row indicates that a better program can be 
obtained. 


c. Revise the program 


ib Find the key column. The column under which falls the largest 
positive net-evaluation-row entry is the key column. 


2. Find the key row and the key number. Divide the entries in the 
“quantity” column by the corresponding nonnegative entries* of the 
key column to form replacement ratios, and compare these ratios. 
The row in which falls the smallest replacement ratio is the key row- 


The number which lies at the intersection of the key row and the 
key column is the key number. 


* During any solution stage, the entries in the key column of a particular simplex 
tableau ean present us with three situations. 


t First, one of the nonnegative entries 
may form the smallest replacement ratio, and definitely identify the key row. In 


this case, the simplex algorithm (this section) is applied in a straightforward manner: 
Second, the nonnegative entries may be such that either the minimum replacement 
ratio is zero or there is a “tie” between two or more minimum replacement ratios- 
In such a case, the problem becomes degenerate; however, the simplex method may b¢ 
continued according to rules discussed in Chapter 9. Third, it may happen that al 
the entries in the key column are either zero or negative. In this case, the incoming 
variable can be introduced into the program without any limit, and ie current basis 
variable can be removed from the solution. On the other hand, the values of the 
basis variables either remain the same or increase in magnitude without any limit 
(since all ratios of substitution are either zero or negative). "Thus, in the last case, We 


have a situation in which there are usually m + 1 variables in the solution, and the 
objective function usually has no finite maximum. 
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3. Transform the key row. Divide all the numbers in the key row 
(starting with and to the right of the "quantity" column) by the 
key number. The resulting numbers form the corresponding row of 
the next tableau. 

4. Transform the nonkey rows. Subtract from the old row number 
of a given nonkey row (in each column) the product of the corre- 
sponding key-row number and the corresponding fixed ratio formed 
by dividing the old row number in the key column by the key 
number. The result will give the corresponding new row number. 
Make this transformation for all the nonkey rows. 

5. Enter the results of (3) and (4) above in a tableau representing the 
revised program. 


Step 4 Obtain the Optimal Program 


Repeat steps 3 and 4 until an optimal program has been derived. 


Linear-programming problems involving the minimization of an objec- 
tive function usually contain structural constraints of the "greater than 
or equal to” type. They can also be solved by the simplex method. 
The simplex procedure for solving a linear-programming problem in which 
the objective is to minimize rather than maximize a given function, 
although basically the same as above, requires sufficient modifications to 
deserve the listing of a separate summary. This will be done after the 
simplex solution of a minimization problem is illustrated in the next 


chapter. 


chapter The Simplex 
7 l Method. II 


7.1 THE PROBLEM 


The minimization case will be illustrated with a problem similar to the 
famous diet problem.* Let us formulate a hypothetical problem in. 
which a person requires a certain amount of each of two vitamins per day. 


Table 7.1 


V 
W 

—— M 

Cost per unit of food, cents. .... 


The vitamins, V and W, are found in two different foods, F, and Fs. 
The amount of vitamin in each of the two foods, the respective prices 
per unit of each food, and the daily vitamin requirements are given in 
Table 7.1. The data indicate that 1 unit of F, (say 1 pound) contains 
2 units of vitamin V and 3 units of vitamin W. Similarly, 1 unit of F2 
contains 4 units of vitamin V and 2 units of vitamin W. The daily 
requirement for vitamin V is at least 40 units, and for vitamin W at least 
* Robert Dorfman, Paul A. Samuelson, and Robert M. Solow, “Linear Programming 


and Economic Analysis,” p. 9, McGraw-Hill Book Company, New York, 1958. 
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50 units.* These, then, are the “technical” specifications of the problem. 
Our objective is to determine optimal quantities of foods Fı and F; to be 
purchased so that the daily vitamin requirements are met and, simul- 
taneously, the cost of purchasing the foods is minimized. Assuming that 
a represents the quantity of food F, and b the quantity of food F; to be 
purchased, we may state the problem in algebraic terms as follows: 


Minimize (cost) 
3a + 2.5b 
subject to 


2a + 4b > 40 
8a + 2b > 50 


and a > 0, b > 0. 


7.2 SOLVING THE MINIMIZATION PROBLEM 


As opposed to those in the problem discussed in the last chapter, the 
structural constraints here are of the “greater than or equal to” type. 
Hence, converting the inequalities into equalities requires the subtraction 
rather than the addition of “slack” variables. Let variables p and q 
represent, respectively, the quantity of vitamin p in excess of 40 units and 
the quantity of vitamin W in excess of 50 units. The introduction of 
these slack variables converts the above inequalities into the following 


equations: 
2a + 4b — p = 40 () 
3a +.2b — q = 50 (2) 


these slack variables is somewhat parallel to 
bles in the maximization problem. Variables 
"giveaway" or "free" products with the 
ins 1 unit of vitaminzV and 1 unit of q con- 
Obviously, we do not have to buy these 
st in the program, they come as a “free 


A physical interpretation of 
the one given the slack varia 
P and q can be thought of as 
Property that 1 unit of p conta 
tains l unit of vitamin W. 
giveaway products. If they exi 
; the daily requirements is assumed not to be 


* Any i n ma of 
hy intake of vitamins in excess 
armful, 
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package"; p comes when we buy foods F, and F, with the purpose of 
satisfying the requirement for vitamin V, and q appears when we buy 
foods F, and F: to satisfy the requirement for vitamin W. Thus, if a 
specific program of purchasing foods F, and F, is such that the presence of 
p and q is required to satisfy Equations (1) and (2) above, then the 
magnitudes of p and q will represent, respectively, the quantity of vitamin V 
in excess of 40 units and the quantity of vitamin W in excess of 50 units. 

With the above interpretation, it is easy to see that variables p and q 
are restricted to nonnegative values, and each has a cost coefficient of 
zero. A complete statement of the problem, therefore, is: 

Minimize (cost) 


8a + 2.5b + Op + 0g 


subject to 
2a + 4b — p = 40 (3) 
3a + 2b — q = 50 ^ (4) 


anda>0,b2>0,p>0,q>0. 


Artificial Slack Variables 


Let us examine Equation (3). If we let structural variables a and b equal 
zero as we did in designing the first program while solving the maxim'za- 
tion problem by the simplex method, we obtain a value of —40 for the 
slack variable p. Any such negative value is unacceptable, since it 
violates the nonnegativity constraint for p and does not make any sense 
in terms of the physical interpretation of the slack variables. We face a 
similar dirfieulty in connection with Equation (4). Yet we know that the 
trivial initial solution in the simplex method, as we have seen in the last 
chapter, is always obtained by letting all the structural variables equal 
zero. We propose, therefore, at this stage, to modify the statement of 
our problem in such a way that we can make a and b equal to zero in the 
above equations and still haye positive-valued slack variables satisfying 
these equations. This is accomplished by introducing into the original 
inequalities, in’ addition to the regular slack variables, the so-called 
“artificial” slack variables. The artificial slack variables will be repre’ 
sented by the capital letter A with proper subscript. Thus, we can 
modify Equations (3) and (4) with the addition of artificial slack variables 


Sec. 7.2 The Simplex Method. II 133 


A, and A», respectively:* 


20 + 4b — p + A, = 40 
8a + 2b — q + A: = 50 


In this problem, the artificial slack variables A, and 4» can be thought 
of as “imaginary foods,” each unit containing 1 unit of the pertinent 
vitamin. For example, we can assume here that 1 unit of A; contains 
1 unit of vitamin V, whereas one unit of A; contains 1 unit of vitamin W., 
In this sense, A, is similar to p, and A: is similar to g. Also, both A, 
and A» are restricted to nonnegative values for obvious reasons. How- 
ever, the correspondence between the slack and artificial slack variables 
does not hold in the matter of cost coefficients. Whereas slack variables 
have zeros as their cost coefficients, each artificial slack variable is 
assigned an infinitely large cost coefficient (usually denoted by M). 
~ Thus, the addition of the slack and artificial slack variables converts 
the original problem to the following: 

Minimize (cost) 


3a + 2.5b + Op + 0g + MA: + MA: 


subject to 
2a + 4b — p + Ar = 40 (5) 
3a + 2b — q + A; = 50 (9 


and a, b, p, g, Ai, and A: 2 0. 
If in Non (5) and (6) we let variables a, b, p, and q assume values 


of zero, the artificial'slack variables 41 and A» will have positive values. 

* can see, therefore, that the inclusion of artificial slack variables will 
Permit us to design an initial program 1n which no units of foods F, and 
Fare purchased, and yet the nonnegativity constraints are not violated. f 

In other words, these variables enable us to make & convenient and 
Correct start in obtaining an optimal solution by the simplex method. 
Further, having attached to each artificial slack variable an extremely 
large cost coefficient M, we can be certain that these variables can never 


` 
For each gi int which has to be en! 
5 given constrain’ 5 
With the addition of an artificjal slack variable, 
Variable, S jn li E 
1 The reader will recall that such an initial program, when app ied to Equations (3) 


And (4), violated the nonnegativity constraints for variables p and q. 


tered into the initial simplex tableau 
we need only one such artificial slack 


e 
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enter into the optimal solution.* The inclusion of even 1 unit of an 
artificial slack variable in any program would result in a prohibitive cost. 

The solution to our modified problem (modified by the inclusion of 
A1, As, ete.) will therefore give us the solution to the original problem. 


Balancing the Equations for the Initial Simplex Tableau 


It will be recalled from the simplex solution of our maximization problem 

that the initial program was that which involved only the imaginary 

products Sı, S; ete. For a two-dimensional problem, this corresponds to 

starting the solution at the origin in the graphical method and to express- 
; 1 0j. 

ing the requirement vector Po in terms of basis vectors [ al and | ‘| in the 

vector method. In so far as our present minimization problem is two- 


f ? 40 
dimensional, we know that its requirement vector Po = [32] can be: 


expressed in terms of the basis vectors IH and tl If we write Equa- 
tions (5) and (6) in a balanced form, we immediately observe that the 
introduction of A; and A; has brought-us to the point where basis vectors 
| al and ("| become available, and the equations can be entered directly 


into the first simplex tableau [see Equations (7) and (8). In the balanced 
form, our problem can be stated as follows: 
Minimize (cost) 


3a + 2.5b + Op + 0g + MA, + MA, 


subject to 


2a + 4b — 1p + 09 + 1A; + 04, = 40 


(7) 
3a + 2.5b + Op — 1g + 04; +14: = 50 


(8) 


and a, b, p, q, Ai, and A; > 0. 


We recognize the above as a typical linear-programming problem, which 
will now be solved by the simplex method. 


“If, in any linear-programming problem involvin 
application of the simplex method fails to remove 
the solution basis, the original problem has no soluti 


& artificial slack variables, the 


all artificial slack variables from 
ion. 
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7.8 DESIGNING THE INITIAL PROGRAM 


As discussed above, our first program is obtained by letting each of the 
variables a, b, p, and q assume a value of zero. This means [from Equa- 
tions (7) and (8)] that the initial program calls for purchasing 40 units of 
A, and 50 units of A». This program is given in Tableau 7.I. This 


Tableau 7.I 


Cost 
Program per unit Quantity a 


Outgoing variable : Incoming variable, 


program, as the contents of Tableau 7.I show, involves a cost of 90M dol- 
lars—a prohibitive figure. Obviously, we can design a better program. 


7.4 REVISION OF THE INITIAL 
OR CURRENT PROGRAM 


As in the simplex method for solving a maximization problem, revision 
of the current program in the case of a minimization problem mequires 
(1) the calculation of the net-evaluation row, (2) identification of the key 
Column, (3) identification of the key row and the key EY et (4) 
transformation of the key row and the nonkey rows into the new tabieau 
Containing the revised program. The mechanics of these steps is exactly 
the same as in the maximization problem. However, in the minimiza- 

` tion ease it is the largest negative entry in the net-evaluation row (as 
Opposed to the largest positive entry in the maximization case) which 
identifies the key column. The reason for this is obvious. i In the mini- 
mization cage, if the net-evaluation entry under a particular column 
Variable is negative, it is indicative of the fact that the inclusion of this 
Variable in the new basis (bY replacement of one of the current basis 
Variables) will decrease the value of the objective function. 
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To calculate the net-evaluation row, we determine the net effect on 
cost of including (purchasing), at this stage of the program, 1 unit of esn 
of a, b, p, q, An and A». For example, as the ratios of substitution o 
Tableau 7.I show, purchasing 1 unit of b (or producing 1 unit of b) means 
that the purchase of A, will have to be reduced by 4 units teh inne 
ously, the purchase of A: will have to be reduced by 2 units.* The net 
effect of introducing 1 unit of b is to reduce the total cost by 2.5 — 6M cents 
[+1(2.5) — 4M — 2M]. In other words, replacing At or A» with b, s 
this stage, reduces the total cost. Similar information can be obtaine 
for other variables not included in the program at this stage. The net- 
evaluation row of Tableau 7.I contains this information. 

The negatives of the entries in the net-evaluation row represent the 
opportunity costs of not having 1 unit of each of the variables in the pro- 
gram. For example, the opportunity cost of not having 1 unit of b in the 
solution is — (2.5 — 6M) = 6M — 2.5 cents, a positive opportunity cost 
which must be eliminated. Since a positive opportunity cost corresponds 
to a negative entry in the net-evaluation row in the case of a minimiza- 
tion problem, we can state the following decision rule for testing the 
optimality of a giveh program in a minimization problem: So long as 
there exists even a single negative number in the net-evaluation row of a min- 
tmization problem, the optimal solution has not been obtained. 

As the entries in the net-evaluation row of Tableau 7.I show, variables 
a and b are the only variables whose introduction to the program will 
reduce the total cost. We observe that the introduction of 1 unit of a 
and 1 unit of b into the Program, at this stage, will reduce the objective 
function by 3 — 5M and 2.5 — 6M cents, respectively. Since the intro- 


duction of 1 unit of b reduces the cost more than does 1 unit of a, we 
should first bring b into the 


program. The column labeled b is therefore 
the key column. 


Next we must determine how many units of b can be purchased without 
making either 4; or A, negativi 


From row Ai, the maximum amount of b that can be brought into the 
solution is 40/4 = 10 units. 


* The reader may obsery@ here the symmetry of inter 


and minimization problems 
t-evaluation row is calculat 


prétation between the simplex 
in linear programming. 

ed according to the procedure 
in Section 6.10. 
1In so far as M represents a very large cost, the comparative magnitudes of the net- 
evaluation-row entries can be ascertained simply by comparing the number of M’s- 


; the net-evaluaticn entry $ — 6M is, in absolute terms, larger 
5. hat, for reducing the cost function, 1 unit of b is prefer- 
able, at this stage, to 1 unit of a. 


Y 
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From row A», the maximum amount of b that can-be brought into the 
solution is 50/2 — 25 units. 

We see, therefore, that row A: provides the limiting ease. This is, in 
other words, our key row, and the key number is 4. 
. The rest of the procedure for revising the current program is exactly the 
same as that followed in the simplex method for a maximization problem. 
The key row (row A, in this ease) is transformed by dividing all its entries 
by the key number; the nonkey row (row A: in this case) is transformed 
according to the transformation rule used in the last chapter.* Accord- 
ingly, a new program is designed. Tableau 7.II lists this program along 


Tableau 7.11 


Cost 
Program per unit Quantity a 


Outgoing variable Incoming variable 


with other pertinent information. The reader should verify the contents 
of Tableau 7.II and the subsequent programs in this chapter. 


7.5 PROGRAM 3 (REVISION OF 
THE SECOND PROGRAM) 


The net-evaluation row of Tableau 7.1I has two negative entries. The 

Presence of these negative entries means that the optimal program has not 

been obtained as yet, and hence our second program can be improved. 
Since the net-evaluation entry under column a has a larger negative 


* As the reader will recall, the transformation rule for the nonkey rows is 


ding number acer N 
Old row number — (Ce e E s XE AN Ld NUS 
Where i 
i i column ha 
Fixed ratio = old row number in key 


key number 
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value than that under column p, the variable a should be brought into the 
solution next. This is accomplished in precisely the same manner as 
before. Our revised program is given in Tableau 7.III. 


Tableau 7,111 


1 Cost 3 
Program per unit Quantity a 


Net-evaluation row: 0 0 ES i M-ġ M- 


7.6 THE OPTIMAL PROGRAM 


Since all the entries in the net-evaluation row of Tableau 7.III are posi- 
tive, the optimal solution to our problem has been obtained, This 
optimal program assigns a value of 15 to variable a and $ to variable b. 
In other words, this optimal program calls for purchasing 15 units of food 


Fı and $ units of food F, daily, with an attendant cost of 51.25 cents. As 
8 quick check will show, this Program meets the daily requirements of 
vitamins V and W. 


Tat SUMMARY PROCEDURE FOR THE 
SIMPLEX METHOD (MINIMIZATION CASE) 


Step 1 Formulate the Problem 


a, Translate the technical s 
and make a precise state 
b. Convert the inequalities 
negative slack variables,* 
tion of nonnegative artificia 


pecification of the problem into inequalities, 
ment of the objective function. 


into equalities by the subtraction of non- 
Then modify these equations by the addi- 
l slack variables, These equations should 


* We assume that all the inequalities are of the “greater than or equal to” type. Fora 
complete summary procedure for handling the three types of requirements (<, 2, =), 
see Section 7.8. Of course, in a minimization problem, it is convenient to convert 
all inequalities of the < ty; 


: e pe into inequalities of the > type by multiplying both 
sides of each inequality by —1, 
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be symmetric or balanced so that each slack and artificial slack variable 
appears in each equation with a proper coefficient. : 

c. Modify the objective function io include all the slack and artificial 
slack variables. 


Step 2 Design an Initial Program (a Basic Feasible Solution) 


Design the first program so that only the artificial slack variables are 
included in the solution. Place this program in a simplex tableau. In 
the objective row, above each column variable, place the corresponding 
coefficient of that variable from step lc. In particular, place a zero 
above each column containing a slack variable, and an infinitely large 
number M above each column containing an artificial slack variable.. 


Step 3 Test and Revise the Program 


a. Calculate the net-evaluation row. To get a number in the net-evaluation 
row under a column, multiply the entries in that column by the cor- 
responding number in the objective column, and add the products. 
Then subtract this sum from the number listed in the objective row 


above the column. Enter the result in the net-evaluation row under 


the eolimn. ; 1 
b. Test. Examine the entries in the net-evaluation row for the given 


simplex tableau. If all the entries are zero or positive, the optimum 
solution has been obtained. Otherwise, the presence of any negative 
entry in the net-evaluation row indicates that a better program can be 


obtained. 


. Revi. T 
1 GU AME The column under which falls the largest 


p ion-row entry is the key column. 

s i d end the key number. Divide the entries in the 
"Quantity" column by the corresponding nonnegative entries* in 
the key column to form replacement ratios, and compare these 
ratios, The row in which the smallest replacement reto falas Abe 
E SN The number which lies ah the intersection of the key row 

i n is the key number. 

" end my ms row. Divide all uns pubes in the key row 
(starting with and to the right of the “Quantity column) by the 
key; numbers? [Thé resulting numbers form the corresponding row 


of the next tableau. 


* See last footnote in Section 6.10. 


[3 
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4. Transform the nonkey rows. Subtract from the old row number of 
a given nonkey row (in each column) the product of the correspond- 
ing key row number and the corresponding fixed ratio formed by 
dividing the old row number in the key column by the key number. 
The result will give the corresponding new row number. ' Make this 
transformation for all the nonkey rows. 


. Enter the results of (3) and (4) above in a tableau representing the 
revised program. 


Step 4 Obtain the Optimal Program 


Repeat steps 3 and 4 until an optimal program has been derived. 
^ 


We repeat the follow: 
minimization problems 
The procedure for cal. 


ing comments comparing the maximization and 
as solved by the simplex method. 

culating the net-evaluation row is the same in both 
cases. However, whereas the largest positive value is chosen to identify 
the incoming product in a maximization problem, the host negative value 


is chosen in à minimization problem. The rest of the mechanies, namely; 
the transformation of th 


decision rule identify; 
tive value in the 
the absence of an: 


7.8 PROCEDURE FOR MOD 


IFYING GIVEN 
STRUCTURAL CONSTRAIN 


TS 


The original technical specifications of a given linear-programming prob- 
lem can be expressed by three different types of structural constraints. 
First, there are those constraints which, in their original form, can be 
represented by inequalities of the “less than or equal to” type. Second; 


there are constraints which, in their original form, can be represented by 
inequalities of the “greater than or equal to” type. These two types of 
constraints, consisting of inequalities in their original form, are modified 
by converting the inequalities to equalities: This is done, as the reader 
will recall, to arrange the data Properly for the construction of the first 
simplex tableau. We have, however, not discussed so farthe case in which 
the constraints, even in their original form, must be expressed by exact 
equations. These constraints, which form our third category, must also be 
modified for purposes of building the first simplex tableau. How do we 
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accomplish this? Case III of the following summary will provide the 
answer. Illustrated in this summary are the mechanics for converting 
the various inequalities and equalities (expressing the constraints in their 
original form) into balanced equations for purposes of constructing the 
first simplex tableau. 


Case I Inequalities of the **Less than or Equal to” Type (<) 


Each inequality of the “less than or equal to" type is converted to an 
equation by the addition of a nonnegative slack variable having a profit 


(objective) coefficient of zero. 


Example 


Maximize 10X + 15Y subject to 


4X + 6Y < 60 
3X + 4Y < 80 


and X > 0, Y > 0. 


The corresponding equations for the first simplex tableau are 


4X + 6Y + 18; + 0S: = 60 
3X + 4Y + 0S, + 1S: = 80 


and the modified objective function is: 
Maximize 


10X + 15Y + 08, + 0S: 


Case IT Inequalities of the “Greater than or Equal to” Type (>) 
“greater than or equal to” type is converted to an 
nonnegative slack variable having a cost 
and then adding a nonnegative artificial 
(objective) coefficient of AZ (an infinitely 


Each inequality of the “gt 
equation by first subtracting & 
Objective) coefficient of zero 
Slack variable having a cost 
large number), 
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Example 
Minimize 300a + 180b subject to 
8a + 5b > 80 
4a + 2b > 7C 
and a > 0, b > 0. 
The corresponding equations for the first simplex tableau are 
8a + 5b — 1p + 0g + 144 + 04. = 80 
da + 2b + Op — 1g + 041 + 14; = 70 
and the modified objective function is: 
Minimize 


300a + 180b + Op + 0g + MA, + MA: 


Case III The Mixed Case 


(In addition to inequalities, the given problem has equalities in the initiai 
statement of the problem.) 


In this case inequalities are handled as detailed above. Each equality 
is modified by the addition of a nonnegative artificial slac 


k variable. 
Example 

Minimize 7a + 15b subject to 

2a + 4b > 20 


5a + 8b = 30 
The corresponding equations for the first simplex tableau are 


2a + 4b — Ip + 141 + 04, = 20 
5a + 8b + Op + 04, + 14, = 30 


and the modified objective function is: 
Minimize 


7a + 15b + Op + MA, + MA, 


The Dual | EL 


8.1 THE DUAL PROBLEM AND ITS SOLUTION 


Associated with every linear-programming problem is its dual. The 
meaning of the dual will become clear in the following discussion dealing 
with the vitamin problem solved earlier (Table 7.1). The data of the 


problem are reproduced in Table 8.1. 


Table 8.1 


Vitamin 
i E 
Ww 


Cost per unit of food, cents... . - 


Let us consider that the foods 7: and Fz, among other things, are bemg 
. Sold by a corner grocery store. The owner of the store realizes that 
foods F, and F, have a market value because of their vitamin contents 
V and W. His problem is to determine selling prices, say ^ut cents per 
Unit of vitamin V, and Y cents per unit of vitamin W. He realizes that 
is unit prices for the vitamins should be assigned in such a manner that 
the resultant selli g prices of the two foods are less than or equal to the 
X and Y are to be assigned values in such 


Market prices, In other words 
a Peat A computed ws for foods 7; and F; are less than or 
143 
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equal to 3 and 2.5 cents per unit, respectively. Otherwise, since the 
market is assumed to be competitive, he will have to price the foods F, 
and F, at more than 3 and 2.5 cents per unit and hence will lose his cus- 
tomers. At the same time, he would like to maximize his return, which 
is given by 40X + 50Y (since the daily vitamin requirement is 40 units of 
vitamin V and 50 units of vitamin W). Let us state the grocer’s problem 
in terms of inequalities and an objective function: 
Maximize the objective function 40X + 50Y subject to 


2X + 3¥ <3 a) 
4X + 2Y € 2.5 


and X > 0, Y > 0. 
The above statement of the grocer’s problem is the dual to the origina) 
problem stated in Table 7.1. For purposes of identification, the origina 


Tableau 8.I 


Coefficient 
of objective Magnitude 
Program function — of variable 


Net-evaluation row: 


Outgoing variable Incoming variable 


problem is called the primal problem. 


problem as ( 1) above, then (1) is the primal problem, and the problem in 
Table 7.1 is its dual, The point to emphasize here is that for every linear- 
programming problem there is a unique dual problem. 

The reader will realize that the grocer's problem is & typical linear- 
programming problem in which the objective function is to be maximized. 
This problem can easily be solved by the simplex method. The various 
stages of the simplex solution are summarized in Tableaux &.I to 8.III. 

Since all the entries in the net-evaluation row in Tableau 8.111 are 


E zero or negative, the optimal solution to the maximization problem 
xo een obtained. The grocer has, in other words, placed a “worth” of 
rs cent per unit on vitamin V, and Z cent per unit on vitamin W. The 


Of course, if we first state the 
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value of the objective function is 50 X $ + 40 X rz = 51.25 cents, which 
is exactly the same as was obtained in the minimization problem con- 
cerned with purchasing the foods F, and F: (see Section 7.6). 


Tableau 8.11 


Coefficient 
of objective Magnitude 


Program function of variable 


Outgoing variable Incoming variable 


Tableau 8.111 


Coefficient 
of objective Magnitude 
Program function of variable 


Net-evaluation row: 0 0 -15 


8.2 A COMPARISON OF THE 
OPTIMAL TABLEAUX OF THE 
PRIMAL PROBLEM AND ITS DUAL 


Let us now place the optimal tableau of the primal problem concerned 
with NIME foods F; and F: (Tableau 7.111) next to the optimal 
tableau of its dual (Tableau 8.III) and make some important observa- 


tions (see Figure 8.1). 


The objective functions of the two optimal tableaux assume identical 


values. We note further that entries (with signs changed) in the net- 
evaluation row under columns 51 and S: of c optimal pat of the dual 
are the same as entries under the “Quantity” column in the optimal 
tableau of the primal problem. Also, the magnitudes of the variables X 
and Y are exactly the same as the entries n the net-evaluation row under 


“TENP ayy jo nwe[qs, [eurjdo (q) :ure[qoid jeurud əy} jo nseqgqw pundo (D) pg əng 


(4) ol 
83099 GZ'I9= 87090 gg'IG— 
(On) + (og) f = wonouny onnoofq om jo amr, (g)er-- (ez) $ = uonouny aayaatqo əy} jo enpeA 
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columns p and g of the optimal tableau of the primal problem. This 
type of correspondence between the optimal tableaux of the primal and 
its dual always exists. Thus, the solution to a primal problem in linear 
programming can always provide a solution to its dual. The relation- 
ships just described should be carefully checked and grasped by the 
Treader. 


8.3 SYMMETRY BETWEEN THE PRIMAL 
AND ITS DUAL 


The symmetry between our primal problem and its dual is summarized 
below: 
Maxi- 
mize: 
2a+ 4b> 40 
X X X 


to ld oo oo 

8a+ 2b2 50 
Y PE WAY. 
IA IA 


Minimize: 3a+ 2.5b 


Reading horizontally, we have the minimization problem 2s stated in 
Chapter7. Reading vertically, we have the dual (in this case a maximi- 
Z&tion probl as stated in Section 8.1. j 
Let o ASW rade the maximization problem (Table 6.1) which 
We solved by the simplex method in Chapter 6. This problem also has 
its dual. We shall first form the dual and then explain its economic 


Significance, 


Mir:- 
mize: 
107X + 5Y + 22 < 2,705 
a a a a 
oA ed. s eh 
5.4X + 10Y + 4Z € 2,210 
b e bu b 
dos MEN e 
07X + 1Y 4 22€ 44 
c c c E 
IV IV IV 


Maximize: 10X -+ 15Y + 202 


CD SSE Ee 
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Reading horizontally, we have listed the maximization problem of Table 
6.1. Reading vertically, its dual can be stated as follows: 


10.7a + 5.46 + 0.7c > 10 
5a + 10b+ 1c2 15 
2a+ 4b+ 2 > 20 


The objective function to be minimized is 
2,705a + 2,210b + 445c 


In this case, the concept of the dual can be explained in the following 
terms. The management of the company producing products X, Y, 
and Z realizes that the per-unit profit contributions of these products are 
$10, $15, and $20, respectively. Further, they know that technical 
specifications, as given in Table 6.1, have fixed the relative proportions of 
the “resources” required to produce these products. 

produce 1 unit of product X, we need 10.7 units of cu 
capacity, 5.4 units of folding-department capacity, and 0.7 unit of packag- 
ing-department capacity. Thus, for each product, a relative expenditure 
of these resources brings the company certain contributions to profit. 
Since a profit-seeking organization is always searching for alternative uses 
for its resources, the management wishes to get some idea of the worth 
of these resources. Let us assume that the worths in alternative uses 
per unit of cutting, folding, and packaging capacity are a, b, and c doliars, 
respectively. Whatever values are assigned to variables a, b, and c, the 
worth of the resources in producing 1 unit of product X is 10.7a + 5.4b ac 
0.7c, for 10.7, 5.4, and 0.7 are the relative numbers of units of the three 
Tesources required to produce 1 unit of product X. Then, as a first 


formulation, in the case of pr C i 
, Se of product X, the management will want know 
whether 10.7a + 5.45 + 0.7c is VENE a 


profit contribution of X. 


For example, to 
tting-department 


thermore, since we are dealing 
d of relationships must simultaneously hold for the other products 
( | and Z) considered in this problem. This, then, is the reason for 
writing the three inequalities of the dua] problem 

The worth of alternative í 


; : uses is sometimes called the shadow or implicit 
IU puce oL these stscurton, The specific values of these shadow 
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prices are determined along with a minimization objective, which was 
stated in the dual problem above. Intuitively, one can think of this as 
minimizing the expenditure associated with the existing capacities of the 
various resources. Thus, in this problem, the objective is to minimize 
2,705a + 2,210b + 445c. 

The specific solution of this dual problem ean be gained, as explained 
earlier, by inspecting the optimal simplex tableau of the primal problem. 
Thus, by reading the entries (with signs changed) in the net-evaluation 
row under columns Sı, Ss, and S; of the optimal Tableau 6.IV, we deter- 
mine immediately that a = 0.062, b = 0.593, and c = 8.75. In other 
words, one unit of cutting-department capacity, in the present situation, 
is worth $0.062 to the company, and the shadow prices per unit of fold- 
ing and packaging capacities are $0.593 and $8.75, respectively. 

Substitution of these values for a, b, and c in the inequalities of the dual 
problem shows that the constraints are not violated. Further, the value 
of the objective function of the dual is $5,372, which differs from the value 
of the objective function in the primal problem by only $3. The dis- 
crepancy has been caused by rounding errors. Otherwise, as we know, 
the magnitudes of the objective functions of the prima! problem and its 
dual are exactly the same. 


8.4 SOME COMMENTS ON THE DUAL 


It should be noted that if there are n structural variables and m slack 
Variables in the prinial problem, there will be m structural variables anda 
Slack variables in its dual. That is, the transpose of the matrix (of the 
Structural coefficients) of the primal problem gives the matrix (of the 
Structural coefficients) of the dual. This point is perhaps not clear, since 
in both examples used to illustrate the dual in this chapter the number of 
Structural variables was the same as the number of slack variables. How- 
ever; the reader can easily verify this relationship between the numbers of 
Structural and slack variables of the primal and its dual by formulating a 
Primal] problem in which the number Peed variables is more than 
9r les slack variables. » 
3 The MEUS yall wonder about the intrinsic value of the dual 
I! view of our statement that the optimal solution of ee contains, 
ìn itself, the solution of the dual. Knowledge of the y e for 
Wo main reasons. First, the economic nee ORC gust 1S Ube 
in making future decisions in the s eing Dro 
ond, the solutio. of a linear-programming pro» em may 5e easier to 


Sec 
ain through the dual than through the primal problem. This is true 


obt; 
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of cases in which, in the primal problem, the number of structural varia- 
bles is considerably less than the number of slack variables. For 
example, consider a primal problem involving two structural variables 
and seven slack variables. The initial simplex tableau for this problem 
will have seven rows. On the other hand, the same problem can be 
solved via its duai, for which the initial simplex tableau will have only 
two rows. 


Degeneracy chapter 


9.1 INTRODUCTION 


It will be recalled that the simplex method is based on a set of rules 
whereby we proceed from one basic feasible solution to the next until an 
optimal solution, if it exists, is obtained. Each new simplex program, 
if we think in terms of vectors, is obtained by choosing a new set of 
basis vectors. The iterative process, therefore, consists in going from 
the old basis to a new basis. The new basis is chosen by replacing at 
least one of the vectors currently in the basis with only one of the non- 
basis vectors. The vector to be introduced and the vector to be replaced 
correspond, respectively, to the key column and the key row of the simplex 
Method. To proceed from one solution to the next by the simplex 
method, as the reader will recall from Chapter 6, requires the identifica- 
tion of the key column and the key row. 

Selection of the key column is a simple task, for it simply involves the 
identification of the column containing the largest positive entry (maxi- 
Mization ease) or the largest negative entry (minimization case) in the 
Det-evaluation row of a simplex tableau. However, in selecting the key 
MONE for purposes of replacing one of the basis vectors, we can face two 
difficulties, 

1. The initial simplex tableau may be such that one or more of the 
Variables currently in the basis has a value of zero (one or more entries 
in the “Quantity” column is zero). If this happens, the minimum 
Teplacement ratio will be zero. It will, then, appear that the replacement 
Process cannot be continued, for the variable to be replaced is already 
Zero, 

_ 2: The minimum nonnegative replacement ratios* for two or more 
See Section 6.5. 
1851 
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variables currently in the basis may be the same. If this happens, there 
is a “tie” in terms of selection of the key row. In this case, removal of 
one of the tied variables will also reduce the other tied variable(s) to zero. 
In the next tableau of this case, therefore, one or more of the basis 
vectors will have a value of zero. 

Both the above conditions give rise to a phenomenon known as degen- 
eracy. Attempts to solve a degenerate linear-programming problem will 
show that either (1) after a finite number of iterations the optimum 
solution can be obtained or (2) the problem begins to cycle,* thereby 
preventing the attainment of the optimum solution. We shall comment 


on these two aspects of degeneracy after solving the following linear- 
programming problem. 


9.2 THE PROBLEM 


Maximize 22X + 30Y + 25Z subject to 
2X + 2Y < 100 

2X+ Y+ Z € 100 

X +2Y + 2Z < 100 


and X >0,¥Y>0,Z>0. 


Tableau 9.Ia 


Profit 22 
Program perunit Quantity 


Net-evaluation row: 22 0 0 


Putting the aboy 


e blem i 
Tableau 9.Ia. UMS 


the initial simplex ve get 
Caleulation of the pu A 


net-evalustion row in Tableau 9.14 


* That i i i 
at is, during the solution stages, we keep returning to the same basis. 


MES a cm 
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shows that columu Y is our key column. As previously, our next task 
is to choose a key row by identifying that variable (product) which is to 
be replaced by the incoming variable or product (in this case the incoming 
variable is Y). But there is no unique key row in Tableau 9.Ia, since 
both row S, and row S; provide the limiting case. In other words, we 
have a tie between row 5; and row Ss. i 

The introduction of 50 units of Y at this stage will require removing all 
units of S; and S; from the solution. This means that our next program 
will consist of 50 units of Y and 50 units of S». It appears, therefore, 
that our next tableau would have only two rows instead of the three rows 
contained in Tableau 9.Ia. This situation, as the reader will quickly 
realize, is different from anything that we have encountered so far. We 
have never faced a situation in which more than one variable at a time had 
to be replaced from a given basis. In every linear-programming problem 
discussed earlier, all simplex tableaux, during all the solution stages, had 
the same number of rows. How, then, do we proceed in the case in which: 
& tie appears? The answer is that, in so far as the simplex method 
requires the replacement of only one basis variable at a time, we should 
Somehow break the tie between row S; and row 5; by designating one of 
them as the key row, Then, only that variable which falls in the key 
Tow should be removed from the basis, The mechanics for accomplishing 


this is discussed below. 


9.3 SOLVING A DEGENERATE PROBLEM 


In Tableau 9.Ia we have encountered a degenerate situation. How do 
We resolve the degeneracy? Some rule is obviously needed to break the 
tie between the two variables Sı and Ss. Several arbitrary. rules have 

een suggested for making this decision. One such Re is des vs 
Variable whose subscript is smallest* should be remove a : nother 
tule calls for removing that variable whose subscript is found first in a 
table of random numbers. Another alternative, of rem P to BiU 
One of the tied variables at will. All these alternatives are i itrary, but 
they do permit the continuation of the solution by the simplex method. 
lowever, no matter which of the tied variables is ANDR shall 
Encounter another difficulty in the next tableau. What will happen is 

at one of the remaining variables in t 
"sponding to the tied variable that was no 


and i, Sz, Saby Xo Xs Xe then Si would 
1 have the smaller subscript of the tied 


t removed) will be reduced to a 


* = . 
b It we had denoted X, Y, Z by Xu As Xs 


5 removed first (Tableau 9.Ia), since it woule 


Variab} les. 
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magnitude of zero. Thus, when the key column in the next tableau is 
chosen, we shall note that we really cannot introduce the new incoming 
product, as the minimum nonnegative replacement ratio will be zero. 
The procedure to follow at that point is to neglect this fact and proceed 
to the third tableau with the assumption that the variable having zero 
magnitude, in the program (here S; in Tableau 9.II) has a very small 
magnitude epsilon (c), which can later be assumed to approach zero. In 
actual calculations, however, this e need not appear. This procedure wiil 
become clear to the reader as we proceed with the actual solution of the 
problem, 

Since we have a tie between two variables only, let us proceed to solve 
this problem from two directions, viz., by starting in one case with the 
removal of S+, and in the second case with the removal of Sy. 


Case 1 Solution by Removing S; First 


Various solution stages involved in removing S; 


first from Tabieau 9.Ia are 
given in Tableaux 9.Ib to 9.IV where we arbitra: 


rily choose S; as the outgo- 


Tableau 9.1b 


Profit 


22 
Program per unit Quantity 


X 


ES 


Outgoing variable Incoming variable 


ing variable. In Tableau 9.11 since th i " i w 
under column X has the hi " , e entry in the net-evaluation ro 


; : incoming at Positive value (maximization problem); 
variable X is the Incoming variable. Further, as the replacement ratios 


show, row Sy is the limiting row We - 
S soe . ob. 7 ace: 
ment quantity is limited to ean serve, however, that the repl: 


r r ; Le., no units of X can actually be 
‘brought in." — Nevertheless, we Proceed to Tableau 9.111 and then tO 


and y 
deriye T; 
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Tableau 9.IV by following the transformation rules discussed in Chapter 
6.* 

The value of the objective function for Tableau 9.III is the same as that 
for Tableau 9.IT, namely, 1,500. However, the basis of Tableau 9.III is 


Tableau 9.11 


Profit 
Program per unit Quantity 


Net-evaluation row: 7 0 -5 0 0 -15 


Outgoing product Incoming product 


Tableau 9.YII 


Profit 
Program per unit Quantity 


Net-evaluation row: 0 0 


i ing variable 
Outgoing variable Incoming 


different from the basis of Tableau 9.II. In degree ree R 

may haye to go through several such iterations, Srani Sa is pe Fe 

asis is acquired, the value of the objective Dakotas et s z 
Crtunately, as we see in Tableau 9.IV, such is not the P 


9.II is considered as the key row, and rows Se 


$ 
H 
D other Words, row S; of puit ar rules of transformation are thet appliedies 


Are treated as nonkey rows. 
ableau 9.IIT, 
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Tableau 9.1V 


Profit 
Program per unit Quantity 


Net-evaluation row: 0 0 0 -i 


lem. Since all the entries in the net-evaluation row of Tableau 9.IV are 
nonpositive (maximization case), the optimal solution has been obtained. 


Case 2. Solution by Removing S, First 


The various solution stages involved in removing S; first from Tableau 9.Ia 
are given in Tableaux 9.Ic and 9.V to 9.VIT. In Tableau 9.Ic we arbi- 


Tableau 9.Ic 


Profit 22 
Program per unit Quantity x 


In Tableau 9.V, since the 
Z has the largest positive 
oming variable. Further; 
» TOW S; is the limiting row, We observe 
Placement quantity of S; is limited to zero; i.e. 2? 


however, that the re 
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Tableau 9.V 


Profit 22 30 
Program per unit Quantity X 


Net-evaluation row: —8 0 25 


Outgoing variable Incoming variable 


Tableau 9.VI 


Profit a 
Program Per unit Quantity X Y 


Outgoing variable Incoming variable 


Tableau 5, yj 


Pn Profit. 
gram per unit Quantity 


Net-evaluation row: 0 9 
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units of Z can actually be brought in. Nevertheless, we proceed to 
Tableau 9.VI and then to Tableau 9.VII by following the rules of trans- 
formation discussed in Chapter 6.* 

Since all the entries in the net-evaluation row are nonpositive (maxi- 
mization case), an optimal solution has been obtained. 

It should be noted that in this problem the resolution of degeneracy 
was a simple matter. No matter which of the tied variables was removed 
first, we obtained the same solution in the same number of iterations. 
Two remarks must be made at this time. Fitst, an arbitrary selection of 
one of the tied variables may lead us to a longer path to the optimum 
solution. In other words, arbitrary removal of one of the tied variables 
may mean that a much larger number of iterations will be necessary to 
arrive at the optimum solution than would be the case if some other tied 

_variable were removed from the basis. Second, a more serious situation 
may arise if an arbitrary selection of the tied variable leads us to what we 
earlier called cycling. In cycling, we start from some basis and, after & 
few iterations, return to the same basis, so that an optimum solution may 
never be reached. 

Although cycling is a theoretical possibility, it seldom occurs in practical 
problems. However, general methods of resolving degeneracy have been 
gee psy if followed, will ensure against falling into the cycling 
process. One such method was developed by Charnes and Cooper-T 


if the arrangement of the initial simplex tableau is exactly that given in 
2 p Sar ate identity matrix on the extreme right-hand side, and the 

y adjacent to and left of the identit i ure to 
be followed to resolve degeneracy is as flee. tas ai 


i Key the tied variables or rows. 
7 m "uem dis columns in the identity (starting with the extreme 
column of the identity and proceeding one at a time to the 


right), compute a ratio by dividi i 
y dividing the ent i is 
key-column number in that row. don" 


3. i 
Compare these ratios, column by column, proceeding to the right: 


The first time the ratios ar 
t e une le i 
4. Of the tied rows, the on d ope Red 


the key row. € in which the smaller algebraic ratio falls is 


5. lcd in the identity do not break the tie, form similar ratio’ 
ns o; i k i 
rE are e main body, and select the key row as describe 


* See previous footnote, 
+A. Charnes et al., 


“An I i 
Vidt Sos n Introduction to 


Li i da 
Inc., New York, 1953, near Programming,” pp. 20-24, 62-9" 


| 
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The reader can verify that application of the above procedure for 
resolving degeneracy would mean that the variable S; should have been 
removed first when the tie developed in this example. We shall illustrate 
the procedüre by applying it to Tableau 9.Ia. 


Step 1 


Since the smaiiest nonnegative replacement ratio occurs in rows S; and Ss, 
We have a tie between these rows. 


Step 2 
For row Si: 


llu 
scqy 


For row S3: 


$-0 


Steps 3 and 4 
Since the smaller algebraic ratio in step 2 occurs for row 5, row S; is the 
ey row. 


Once the key row has been identified by the application of the above 
Tules, the tie i broken. We can then apply the simplex method in its 
regular form by following the rules of transformation discussed in Chapter 


Thi in Tableaux 9.II through 9.IV. 
Rud Tableau 9.Ia was broken in step 4 of the procedure 


i he tie between the rows may appear 
Or resolving degeneracy. However, t 
at any MN stage, and it may be necessary to apply all five steps 


tore degeneracy is resolved. 


chapter The Transportation 


10 Model 


10.1 INTRODUCTION 


The transportation model deals with a special class of linear-programming 
problems in which the objective is to “transport” a single commodity 
from various “origins” to different “destinations” at a minimum total 
cost.* The total supply available at the origins and the total quantity 
demanded by the destinations are given in the statement of the problem. 
Also given is the cost of shipping a unit of goods from a known origin to & 


known destination. As in the linear-programming problems discussed in 
previous chapters, all relationships are assumed to be linear. 


With information about the total capacities of the origins, the total 
requirements of the destinations, and the shipping cost per unit of goods 
for available shipping routes, the transportation model is used to deter- 
mine the optimum shipping program(s) resulting in minimum total ship- 
ping costs. 

In so far as the transportation problem is a special case of the general 
linear-programming problem, it can always be solved by the simplex 
method. However, the transportation algorithm, which we shall develop 
in later sections of this chapter, provides a much more efficient method of 
handling such a problem. Let us now turn our attention to delineating 


the relationship between the general linear-programming problem and the 
transportation problem. 


* Of course, if the payoff measure is of the “profit” variety, the objective will be to 
maximize total payoff. 


160 
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10.2 TRANSPORTATION PROBLEM 
—A SPECIAL CASE 


Having solved a general linear-programming problem by various methods 
in previous chapters, we observe again that such a problem always 
consists essentially of three components: (1) a linear objective function, 
(2) a set of linear structural constraints, and (3) a set of nonnegativity 
Constraints. Let us illustrate these three components. 


l Linear Objective Function 


Every linear-programming problem has as its objective the maximization 
or minimization of a linear objective function. This function is usually 


of the form 


n 
F(X) = y s; j23432,...,n 


j=1 
where z; = set of btructural variables; these variables represent competing 
candidates or activities ; ^ 
c; = set of so-called "price coefficients"; in the problem, c;’s are 
3 


coefficients of structural variables in the objective function 
A typical linear objective function involving n variables can be written 


as follows: 


F(X) = cyt + cote + ttt Ont 


2 Linear Structural Constraints 

roblem contains & set of linear constraints. 
ecifications and resource capacities of the 
re called structural constraints. These 


Every linear-programming P. 
ey embody the technical sp 

Problem structure and are therefo 

Constraints are of the form 

WoW i= t 

zs Qr; € b; oe 


jb Sy 


ructural coeficienis reflecting the technica] 


w. 
here the ay's are a set of st and they appear as coefficients of the 


“Peeifications of the problem, 
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structural variables in the structural constraints. The b,’s are a set of 
constants reflecting the maximum resource capacities or minimum resource 
requirements. 


An expanded form of the linear structural constraints is given below:* 


auti + aist + cocco + anta Sb 
a1 + ant + `- © + anms X bà 
Amity F Amta + ` + + + Amntn X bm 


3 Nonnegativity Constraints 


The structural variables, slack variables, and artificial slack variables of 
all linear-programming problems are restricted to nonnegative values. 
This is accomplished by imposing nonnegativity constraints of the form 
xy > 0 deca UP ai It 

If we let z;s denote the structural variables, S;’s denote the slack 


variables, and A,’s denote the artificial slack variables, we may write 
these constraints as follows: 


m20 m>0 DI In >0 
Si 20 $120 o UN Sm 
4120 4:20 ENE An 


f Two remarks must be made at this time in reference to the general 
linear-programming problem. First, the structural coefficients aj are not 
restricted to any particular value or values: 
a;; may be specified to have a value of 10, 2 
tions are imposed regarding the homogene; 
inequalities representing the structural c 
straints, some may refer to available 
ing different kinds of operations, while 
of, say, chemical characteristics. 


For example, a particular 
0, 1, or 0. Second, no restric- 
ity of units among the various 
onstraints. Of the given con- 
capacities of machines perform- 
others may specify different types 
In other words, the units of any one 


* The Structural constraints in their original form can, of course, be simple equalities 
or inequalities of the “less than or equal to” or “greater than or equal to” type. 
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constraint may not be the same as those of the other constraints and 
hence may not be interchangeable with the units of any other constraint. 
We can illustrate this by referring back to the vitamin problem of Chapter 
7, in which the two structural constraints were concerned with different 
types of vitamins. 

The transportation problem, in comparison with the general linear- 
programming problem, restricts the values that can be assigned to the 
structural coefficients and limits the constraints to only one type of units. 
In particular, the general linear-programming problem can be reduced to 
what is called a transportation problem if (1) the a;'s (coefficients of the 
structural variables in the constraints) are restricted to the values 0 and 
1 and (2) there exists a homogeneity of units among the constraints. 

The transportation problem and the general linear-programming prob- 
lem can be compared by examining the simplex tableau (Figure 10.1) 
constructed from the transportation problem given in Table 10.1. 

Let us now formulate a typical transportation problem involving three 


origins and four destinations. 


10.3 THE PROBLEM 


A manufacturing concern has three plants located in three different cities, 
all producing the same product. The total supply potential of the firm 
is absorbed by four large customers. Let us identify the three plants as 
0;, O», and Os, and the customers as Di, Ds, Ds, and Dı. The rel- 
evant data on plant capacities, destination requirements, and shipping 
costs for individual shipping routes are recorded, in general terms, in 
Table 10.1. i 
As shown in the table, the matrix of our transportation problem has 
three rows and four columns and hence is not a square matrix. ] This 
emphasizes the point that in a transportation problem a given origin can 
Simultaneously supply goods to more than one destination. As we shall 
See later, the so-called “assignment model" is restricted to a square matrix 
in the sense that one origin cannot RE associate with more 
tha; :nation in the assignment problem. | 
Noti A io ie ws subscript in each symbol used in Table 10.1 refers 
d subscript to the particular destina- 


to the specific origin, and the second subse t 
tion. For Bins cu is the cost of shipping 1 unit of goods from origin 
O, to destination Ds and the variable ass is ihe quantity to be shipped 
f » 


from origin O; to destination Ds. Origin capacities and destination 
Tequirements as given along the outside (rims) of Table 10.1 and are 
Usually referred to as rim requirements. Our problem is to choose that 


164 Linear Programming Chap. 10 


strategy (a particular program of shipping) which will satisfy the rim 
requirements at a minimum total cost. 


Analysis of the Problem 


The transportation problem given above, like the general linear-pro- 
gramming problem, consists of three components. First, we can formu- 
late a linear objective function which is to be minimized. This function 
will represent the total shipping cost of all the goods to be sent from the 
origins to the destinations. Second, we can write a set of linear structural 
constraints. Of the seven constraints of this problem, three (one for 


Table 10.1 


Destination 


Origin capacity 
per time period 


Destination 
requirement 
per time period 


Ci; = cost of shipping a unit of goods from ith origia to jth destination 
zi; = number of units to be shipped from ith origin to jth destination 


Assume 
Zb; = Ed; 


ao v ps origin capacities equal total destination requirements, and 7 = 1, 2,9; 
j=l, 4,3, 4. 
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each row) will give the relationships between the origin capacities and 
the goods to be received by different destinations. These are called 
capacity constraints. The other four constraints (one for each column) 
will specify the relationships between destination. requirements and the 
goods to be shipped from different origins. These are called requirement 
constraints. Third, we can specify a set of nonnegativity constraints for 
the structural variables z;. They will state that no negative shipment 
is permitted. The general correspondence between a typical linear- 
programming problem and the transportation problem is thus complete. 

The three component parts of our transportation problem are given 
below: 

Minimize 


F(X) = cnz + C1212 + Ciazis + Cutia + Corer + Costes + Corteg 
+ Coste + C3021 + Casas + Castas + Costas 


subject to 


=b (1) 
mt 1 

AL zn d zn + in zu =b: (2) 

tu Ts +n +zu =b (2 

z +23 =d, (4) 

3 Eat) CÓ" +22 +232 =d, (5) 

z + tn Tcu =d, (6) 

d zu + Iu Trad. (7) 


and zy > 0; i = 1, 2, 3; j = 1, 2, 3, 4. 


10.4 BUILDING A SIMPLEX TABLEAU 
FOR THE TRANSPORTATION PROBLEM 


refer to origin capacities, we can think 

0 i ities of the “less than or equal to” type asserting 

Te ae cannot produce more than their respective 

Capacities, For purposes of construction of the e tableau, there- 

Ore, we may modify Equations 0) through (3) wit! the addition of 
ck variables S,, Ss, and Ss, respectively. The ae coefficients of these 

Slack variables are, of course, Zero.. Variables Si » and S; represent 
* respective idle capacities of origins 01, Os, and Os. 


Since Equations (1) through (3) 
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On the other hand, we should consider Equations (4) through (7) as 
strict equations or inequalities of the “greater than or equal to" type. 
Long-run interests of the company require that it be willing to supply 
exactly that quantity of goods which is specified by each customer (or 
perhaps more, if circumstances demand). For purposes of construction 
of the first simplex tableau, therefore, Equations (4) through (7) may be 
modified with the addition of nonnegative artificial slack variables 41, 4» 
Az, and Ax, respectively:* The cost coefficient of each of these artificial 
slack variables is obviously M. 


Cost : Ci Cp C13 C14 C21 C22 Cog Cag C31 C32 Cag Cy O 0 0 M M M i 
Program per unit Quantity x11 X12 X13 214 X21 392 X23 X24 X3) X9» 383 X34 Sı Sp Ss Ai Az As ^4 


0000001000009 
age O00), 0800.1 
Rie ENTE. 0-0 
0 0 


0 


Figure 10.1 


With this completed, the data of our problem can be reflected in th? 
first simplex tableau, as shown in Figure 10.1. We note that all entries 
in the initial simplex tableau are either 1 or0. The 1s appear in the for 
of scattered tows and slanted diagonals. Further, each column, exce? 
those in the identity part of the tableau, represents a column vector m 
which two elements are 1 and the rest are zero t Whenever the initi@ 
simplex tableau appears in a form such as that of Figure 10.1, the linear" 
programming problem can be classified as a transportation problem. 

The assignment of specific rumerieal values to origin capacities (by 


* We assume exact equality i A . int? 

t This particular POOT. in the original formulations of the requirement cons pe he 

so-called **modified-dist; Rd of the transportation problem forms the basis ° 
ribution method" of solving such broblems (aes Section 10^ 


U- OR KS - 
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bs), destination requirements (dı, ds, dz, d4), and cost coefficients (c;;’s) 
in Table 10.1 would give us & concrete transportation problem whose 
initial solution by the simplex method would be given by Figure 10.1. 
Further iterations following the rules of the simplex method would, no 
doubt, yield the optimum solution to this problem. This would be a 
rather lengthy process and would not add anything new to our knowledge 
of the simplex method. Fortunately, however, a simple and routine 
method of solving such problems has been developed. It is fittingly called 
the transportation model. Whenever a given linear-programming prob- 
lem can be placed in the transportation framework, it is far simpler to 
solve it by the transportation method than by the simplex method. 
Before we describe and develop the transportation method, let us com- 
ment on certain characteristics of the transportation problem and its 
solution. 

First, a little reflection will show that for the transportation problem 
of Table 10.1 only six rather than seven structural constraints need be 
specified. In view of the fact that the sum of the origin capacities equals 
the sum of the destination requirements (Zb; = Zdj), any solution satis- 
fying six of the seven constraints will automatically satisfy the last’ con- 
straint. In general, therefore, if m represents the number of rows and n 
represents the number of columns in a given transportation problem, we 
can state the problem completely with m +n — 1 equations. This 
means that one of the rows of the simplex tableau in Figure 10.1 repre- 
sents a redundant constraint and, hence, can be deleted. This also means 
that a basic feasible solution of a transportation problem has only 
m + n — 1 positive components. ate, 1 Am 

Second, if origin capacities equal destination requirements, it is always 
possible to design an initial basic feasible solution in such a manner that 
the rim requirements are satisfied. This can be accomplished either by 
inspection or by following certain formal methods for making the initial 
allocation. Three such methods, the so-called northwest- corner rule, 
the “Vogel’s approximation method,” and the “inspection” method, will 


be described later. 


10.5 APPROACH OF THE 
TRANSPORTATION METHOD 


3 i basic steps. The first 

The transportation method consists of three Labut e first step 
involves making the initial shipping assignment in such a manner that 
3 basic feasible solution is obtained. Eus dat m+n — 1 cells 
(routes) of the transportation matrix are used for shipping purposes. 
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The cells having the shipping assignment will be called occupied cells. 
while the remaining cells of the transportation matrix will be referred 
to as empty cells. ' 

The purpose of the second step is to determine the opportunity costs 
associated with the empty cells. The opportunity costs of the empty 
cells ean be caleulated individually for each cell or simultaneously for 
the whole matrix. If the opportunity costs of all the empty cells are 
nonpositive, we can be confident that an optimum solution has been 
obtained.* On the other hand, if even a single empty cell has a positive 
opportunity cost, we proceed to step 3. j 

The third step involves determining a new and better basic feasible 
solution. Once this new basic feasible solution has been obtained, we 
repeat steps 2 and 3 until an optimum solution has been designed. 

The remaining sections of this chapter are devoted to illustrating the 


development and application of the above-mentioned approach to the 
solution of a given transportation problem. 


10.6 METHODS OF MAKING 
THE INITIAL ASSIGNMENT 


m +n — 1) is obtained. Various 
g such an assignment are available. We shall discuss 
three such methods in considering the transportation problem in Table 
10.2. 


Northwest-corner Rule 


According to this Tule, the first allocation i 
the upper left-hand (northwest) corner o 
allocation is of such a 
first row is exhausted o 
satisfied or both. If the origin capacity of row 1 is exhausted first, We 
move down the first column and make another allocation which either 
exhausts the origin capacity of row 2 or satisfies the remaining destination 
* The transportation pro! 


blem falls under the cat ate ing under 
certainty. Hence, the opti category of decision making 


imum solution must not b i i itive oppor- 
tunity costa. € associated with posi P! 
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requirement of column 1. On the other hand, if the first allocation 
completely satisfies the destination requirement of column 1, we move to 
the right in row 1 and make a second allocation which either exhausts the 
remaining capacity of row 1 or satisfies the destination requirement of 
column 2, and so on. In this manner, starting from the upper left-hand 
corner of the given transportation matrix, satisfying the individual des- 
tination requirements, and exhausting the origin capacities one at a time, 


Table 10.2 


Destination Origin capacity 


per time period 
3 


requirement 
per time period 


d corner until all the rim requirements 
that when we follow the northwest- 
to the relative costs of the different 


We move toward the lower right-han 
are satisfied. It should be noted 
Corner rule we pay no perc ment. 
ro a : first assign ‘ SM 
d Mode problem of Table 10.2, application of the north- 
West-corner rule dictates that we first “Joad” or “fill” cell O1D;, which lies 
B e aS rthwest) corner. The WR LR ERU. of 
1 is 40 units, and the capacity of Oi is UU Oar ot theae twn 
numba nits And is placed in cell O.Ds. This means that the require- 
7 , 49, we still have 15 units (55 — 40) of unused 


me , isfied, but z ; 
uh S DE a sols n E move to the right of cell 01D, in the first row. 
1 3 
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At this stage we note that the destination requirement of column Dz is 
20 units. Knowing that 15 units of capacity O; are still unused, we route 
all 15 units to destination D» (place 15 in cell O,1D;). This completely 
exhausts the capacity O;, but column D» still needs 5 units (20 — 15) to 
satisfy its requirement. Thus, we move down column D; and supply 
these 5 units from capacity Os (place 5 in cell OoD2). This leaves 40 
units of unused capacity at O2; these are routed to Ds (place 40 in cell 


Table 10.3 Initial Assignment by Northwest-corner Rule 


Ca SRA 


Total 


0:D;). The remaining requirement o 


plied from O; (place 10 in cell O:D3). 
capacity at Os; thes 


f 10 units (50 — 40) for Ds is sup- 
This leaves 20 units of unuse! 
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It is to be observed that the number of occupied cells is 


m+n—1=4+5-1=8 


= (number of rows + number of columns — 1) 


The solution at this stage is therefore not degenerate. * 
The total cost of this assignment is 


1,095 = 
40 X12-+15 X445X14+40K6+10X4+20X7+10X9+40X1 


It should be noted that the last allocation (cell O.Ds) simultaneously 
satisfied the requirement of column Ds and exhausted the capacity of O4. 
This is the “normal” situation in the last allocation made by the north- 
west-corner rule; if this occurs only in the last allocation, we can be 
certain of having a basic feasible solution. However, if any allocation 
previous to the last allocation happens to be such that it simultaneously 
satisfies the requirement of some destination and exhausts the capacity of 
some origin, then the number of occupied cells will be less than m + n — 1. 
This will mean that we have & degenerate basic feasible solution.t The 
reader should try to make an initial assignment in Table 10.2 by following 
the northwest-corner rule after having changed the destination require- 
ments of D; and D; to 15 and 55 units, respectively. 


Vogel's Approximation Method (VAM) 

thod, a difference column and a difference row repre- 
senting the difference between the costs of the two cheapest routes for each 
origin and destination are computed. Each individual difference can be 
thought of as & penalty 1 for not using the cheapest route. After all such 
Penalty ratings have been computed for the given data, the highest 
difference or penalty rating is identified. Then the lowest-cost cell in 


` tation problem requires only m + n — 1 
* À basi i olution for a transpor : 
edes Thus, whenever 8 transportation program has m +n — 1 

ob Hele te. 
occupi ;, olution is not degenera: f, "MN 
tA P aE a IEE degeneracy 1n transportation problems is discussed later in 
this ch tion 10.13). Shas : 
I Sco 22 ning” p, 248, Charis B. Merril Books, te, 
7 

Columbus, Ohio, 1963. 


According to this me 
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Difference 
column or 


MUR column in which the highest penalty rating* was placed is 
the cell to which the first assignment is made. This assiznment either 
exhausts the capacity of an origin or meets the requirement of a destina- 


* Should there be a tie for highest penalty rating or difference value, we can arbitrarily 
choose one to break the tie. Although rules for breaking ties are available, it is 
usually easier simply to pick one of the tied columns or rows for making the allocation. 
See N. V. Reinfeld and William R. Vogel, “Mathematical Programming,” chap. 4 
Prentice-Hall, 4€., Englewood Cliffs, N.J., 1958. 
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Table 10.4d 


Difference 
column or 
penalty. 


Difference F 


row or 2 
penalty 


Difference 
column or 
ponalty 


Difference 
TOW or 2 0 
penalty 


Requirement 


Difference 
column or 
penalty 


Difference 
row or 
penalty 
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tion or both. The particular row or column which has been thus satisfied 
is removed from the transportation matrix. The process is then repeated 
until an initial assignment using m + n — 1 routes has been obtained. 
This approach has the disadvantage of necessitating some computational 
work before the initial program is obtained, but it usually results in the 
attainment of the optimal program in fewer iterations than are required 
when the initial program is obtained by using the northwest-corner rule. 


Table 10.5 Initial Assignment by VAM 


Destination 


P The mechanics for obtaining the initial assignment for the transport® 
tion problem of Table 10.2 by Vogel’s approximation method (VAM) ke 
illustrated in Tables 10.4a through 104g. In Table 10.4a, the highest 
difference or penalty rating is 7, and this falls under ouma Dı, The 
first allocation, therefore, must be made to that cell in column Di which 
has the lowest shipping cost. Since cell O;D; has the lowest shippi?8 
cost in that column, we now compare the capacity of O; (30 units) with 
the requirement, of D; (40 units). The lower of the iud numbers, th? 
is, 30, is placed in cell O;D,. This means that the capacity of Os nas 
been fully utilized, and row O; can be removed temporarily from thé 
transportation matrix. Column D,, however cannot be removed, sine? 
we still need 10 units to satisfy its requirements fully. 


‘Arbitrarily choose a cell for allocation. 
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We now have arrived at Table 10.4b. The process of computing 
penalties is repeated, and in Table 10.46 we note that the highest penalty 
falls under column Ds. We therefore make an assignment in the lowest- 
cost cell of column Ds. This assignment (place 40 in cell O,D;) is such 
that column D; can now be removed from the matrix, and we proceed to 
Table 10.4c. By repeating the same process in Tables 10.4c to 10.49, we 
finally obtain the assignment in Table 10.5. Observe that the number 
of occupied cells is m +n —1=4+5-—1=8. The initial solution 
is therefore a basic feasible solution, and the problem at this stage is not 
degenerate. The total cost of this assignment is $695—considerably less 
than the total cost associated with the initial program obtained via the 


northwest-corner rule. 


Initial Assignment by Inspection 


One can, no doubt, make an initial assignment in a transportation problem 
simply by inspection and judgment. This is, needless to say, not a 
formal method of obtaining an initial assignment. However, for trans- 
Portation problems of small dimensions, it has the advantage of speed. 
The first allocation is made to that cell whose shipping cost per unit is 
lowest. This lowest-cost. cell is loaded or filled as much as possible in view 
of the origin capacity of its row and the destination requirement of its 
column. ‘Then we move to the next lowest-cost cell and make an alloca- 
tion in view of the remaining capacity and requirement of its row and 
Column, and so on. ‘Should there be a tie for lowest-cost cell during any 


allocati ercise "judgment" in breaking the tie or we can. 
VEN a The total number of allocations, 


basic feasible solution (m + n — 1 occupied 


Cells) is obtained. Let us illustrate the inspection method for the trans- 
Portation problem of Table 10.2. We note that cells O2D2, Pus and 
«Ds each have a shipping cost of $1 per unit Thus led 3 d ‘or the 
first allocation, We arbitrarily choose cell OD: for ie E ici 
ànd route 30 units from Os to Di." E sp Bs i ni ee A d 
'S fully utilized (cross off row Os with a pem OD nd OD 
Allocation we observe that there is a tie between vet ^i sn Y This 
e arbitrarily Toate Q.D; and ship 40 units viaa h this x 7 i 
Completely satisfies the requirement gees H ane Bitte. D je 
With a light pencil). For the third allocation, we 2D; is 
* In this ilv have exe! 
jutings UNUM kei As 


i : d. 
"dgment in all stages of the inspection metho 


9f course, must be such that a 
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now the lowest-cost cell and, therefore, we ship 20 units through this 
route (place 20 in cell O;D» and cross off column D;). Of those remaining, 
cell O1D, has the lowest cost, and we route 30 units through 01D, (place 
30 in cell OD, and cross off column D;). Next, we observe that there is 
a tie between 02D; and O,D; for the fifth allocation. We arbitrarily 
choose cell 04D; and ship 10 units (the remaining capacity of 04) through 
this route (place 10 in cell 0,D; and cross off row 04). Of those remain- 


Table 10.6 Initial Assignment by Inspection 


*- Destination 
Origin = 


2d 


ing, cell 0;D; has the lowest cost, a; 
ing capacity of row 0.) through cell O 
off row Oz). We are now left with 2. 
require 10 and 15 units, 


nd we route 25 units (the remain. 
2D; (place 25 in cell 02D; and e 
5 units at O;, while D; and Ds st! 


nd 13 respectively. Hence, we rout nits through 
OD, and 15 units through O;D,. All the rim po oe have now 
been satisfied, and we have the initial assignment in Table 10.6. The 
dotted lines crossing the cost squares (c;'s) have been numbered to show 
the order in which different rows and columns were crossed off, as an 9! 
to making the initial assignment by inspection. À 


It is to be observed that the number of occupied cells is 8 (that F 
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m +n — 1), and thus we have i i i 
A. CHE husie; a basic feasible solution. 
d E ET x oe Re compared with deque. 
: 3 e solutions obtained b; 1 
P ee) aanl Vogel’s approximation method M d 
bom Pye cee that the approach of the transportation method is 
DU AN steps: Q) melma the initial assignment in order to obtain 
E re ib DAE Q) determining the opportunity costs of the 
Es 3 EE © designing a better basic feasible solution (provided 
epu es t hat the program can be improved) and repeating steps 
tack ag optimal solution has been obtained. The application of 
he PRED has now been illustrated in connection with the transporta- 
Bae m of Table 10.2. Next we shall show the application of steps 
CUR MD ead our illustration of the transportation method. There 
EM ver, two methods of carrying out steps 2 and 3. One is called 
mo Pprgatone method, whereas the other is referred to as the modified- 
bulion method. We shall first discuss the,steppingstone method 


1 
On STEPPINGSTONE METHOD FOR 
AINING AN OPTIMAL SOLUTION 


Eun the steppingstone method, we shall first solve the very 
Sa ransportation problem given 1n Table 10.7. The method will 
155 be used in deriving the optimum solution to our problem of Table 

2. The purpose of solving the simple problem of Table 10.7 is to 


T 


Mable 10.7 


Origin capacity 
per time period 


B 
| 
900 700 


Pe |» ps ^ 
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familiarize the reader with the terminology and rationale of the stepping- 
stone method. 


Following the northwest-corner rule, we obtain the initial program 
in Table 10.8. The circled numbers within the body of the matrix refer 
to the specific allocations of the first program. This program calls for 
shipping 900 units from O, to-D,, 100 units from O, to Ds, and 600 units 
from O;to Dz. Obviously, this program satisfies all the rim requirements. 
Note further that the number of occupied cells is 3, which is 1 less than 


Table 10.8 


the sum of the numbers o 
number of occupied cells 
have a basic feasible solution. 


| of rows and columns. In other words, "s 
in this program equals m + n — 1.* Thus" 


f ; 3 B 
* As we have established previously, only m +n — 1 equations are needed to san 
transportation problem. The present problem can be stated with the follow! 
equations: 

Zu + 212 = 1,009 

Zn + 222 = 600 

Zu +22 = 900 


c * " L4 
SUN letting zz = 0 gives a solution in which z,, = 900 zi = 600, and 2! 
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Determining the Opportunity Cost of the Empty Cells 


Is the above program an optimal program? To answer this question, we 
must apply step 2, that is, determine the opportunity costs of the empty 
cells. In so far as the transportation model involves decision making 
under certainty, we know that an optimal solution must not incur any 
positive opportunity cost. Thus, to determine whether any positive 
opportunity cost is associated with a given program, we must test the 
empty cells (cells representing routes not used in the given program) of 
the transportation matrix for the presence or absence of opportunity 
cost. The absence of positive opportunity costs in all empty cells will 
indicate that an optimal solution has been obtained. If, on the other 


Table 10.9 


Take 1 unit outofO;D; -1 
Add 1 unit to O;D;: +1 
Take 1 unit out of O,D,: -1 
Add 1 unit to O,D;: +1 


hand, even a single empty cell has a positive opportunity cost, the given 
Program is not the optimal program and, hence, should be revised.* - 
Let us examine our first program in view of the above discussion. 
Since cell OD, in this program is empty, we wish to determine whether Ur 
Dot there is an opportunity cost associated with it. This is accomplished 
by shifting 1 unit of goods to cell 03D, making other shifts necessary to 
Satisfy the rim requirements, and then finding the cost consequence of 
these changes. Let us shift 1 unit from cell 0D; to cell O;D;. This 
Shift will necessitate the changes noted in Table 10.9 in order to keep the 
tim requirements satisfied. These changes are associated with the fol- 


Owing cost consequence or cost change: 


=2 4+ 1 — 2 +2 = —1 dollar 
* It will be recalled that the test for optimality in the simplex method was also based 
9n the concept of opportunity cost. 
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Since the shifting of 1 unit to O;D; yields a negative cost change, it is 
obviously a desirable shift. The fact that the transfer of 1 unit to cell 
O»D, resulted in a net cost change of — 1 dollar indicates that the oppor- 
tunity cost of not including cell 02D, in the first program is +1 dollar 
per unit of shipment. The empty cell 02D, must, therefore, be included 
in a new and improved program. 


Revision of the Given Program 
Having discovered that the opportunity cost of the empty cell O2D: is 


positive, we must next obtain a new basic feasible solution. This is done ' 


Table 10.10 


Revised program (with just 


First program 1 unit shifted to OD) 


4 


by designing a new improved program in which cell OD, is included in 
de shipping strategy. Let us make the improvement by shifting just 

nnit, aus cell OD, to cell 02D;. The revised program is given in n 
10.10. The shift of 1 unit from cell 02D to cell 02D; means that we are 
left with 599 units in cell 03D». This change, it should be noted, has n? 


violated the capacity constraints of either row 1 or row 2. But wh? 
about the requirement constraints of columns 1 and 2? With the above 
change, we now have 1 unit in OsDi, 900 units 83:0) Di, 599 units in 
OD», and 100 units in O,D». In other words, d aH has 901 units 


on | i A us 9 has 
PN S unit than the requirement of column 1), and column 2 has 
99 units (one less unit than the requirement of column 2) Clearly: 


this situation can he remedied by shifting 1 unit from cell 0,1 tO cell 
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OD», a change which will simultaneously satisfy the row and column 
requirements. 

The revised program, with 1 unit shifted to cell 02D,, is shown in 
Table 10.10. The change in the program effected by the introduction of 
1 unit to cell O;D;, as we established earlier, reduces the total shipping 
cost by $1. In so far as we gain this advantage each time a unit is 
shifted to cell O»Di, we must shift to cell OD; as many units as possible. 
As the closed loop (plus and minus signs connected by arrows) of Table 
10.10 shows, we cannot shift more than 600 units to O2D,, for the alloca- 
tion of more than 600 units to cell 02D, would certainly violate she 
capacity constraint of row Os. 


Table 10.11 


` Y a better basic feasible solu*:on). the result of the 
A pru ers in Table 10.11. Is this the optimal allocation? 
The answer to this question ean be obtained by testing the opportunity 
Cost of cell OD», which is now the only empty cell. ; The REA er is in the 
since the opportunity cost of cell O2D2 is not positive. This 
unit to cell OD» and noting that UN net cost 
f ; shift is +1 dollar (+2 — 2 + 2 — 1). The oppor- 
Nene e m H negative of the corresponding M cost change, is 
herefore e, Hence, the assignment S Tab o Aa gives an 
Optimal solution with a total shipping cost oh see. Pa other program 
for this problem can result in a lower total pa ns am 
Let us recapitulate briefly the method of a a i Owed in solving 
this transportation problem. First, we designed a basic feasible solu- 


affirmative, since > o] 
can be verified by shifting 1 
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tion by following the northwest-corner rule for making an :nitial 
assignment.* 


Second, having obtained a basic feasible solution, we proceeded to 
determine the opportunity cost of the empty cell in order to de 
whether the first program was an optimal program. The mod 
employed to determine the opportunity cost of the empty cell P. 
in (1) drawing a closed loop which passed through the empty cell an 
the adjacent occupied cells with proper plus and minus signs at the 
corners of the loop, t (2) shifting 1 unit of goods to the empty cell (accom- 
plished by the addition of 1 unit to all those cells in which fell à plus sign 
of the closed loop and by the subtraction of 1 unit from all cells in which 
fell a minus sign), (3) determining the net cost change associated MS 
shifting 1 unit to the empty cell, and (4) taking the negative of the ne 
cost change in (3) to find the opportunity cost of the empty cell. In the 
simple transportation problem of Table 10.7, we had to find the oppotr- 


tunity cost of only one empty cell In a problem of larger dimensions, 


the opportunity costs of all the empty cells must be determined by this 


procedure. The point to emphasize here is that a separate closed a 
must be established for every empty cell (in the steppingstone metho 
before the opportunity costs of the empty cells can be determined. i 
"Third, after ascertaining that the opportunity cost of the empty PRI 
was positive, we changed the initial program by filling the empty €e 
* In most cases, the initial assignment made by following the northwest-corner p 
will be such that the number of occupied or filled cells equals m +n — 1, MIS 
m is the number of rows and n is the number of columns. When this happens, V 
have a basic feasible solution. If the number of occupied cells in the initial assignmen 
is less than m +n — 1, the problem is said to be degenerate at the very beginning: 
This type of degeneracy, as well as the degeneracy occurring during the solutio 
Stages, can easily be resolved by judicious placement of a small number epsilon in ma 
empty cell(s). The epsilon is to be placed in that cell(s) which will help comple’ 
the different loops for all the empty cells. An illustrative example is given in & lat 
section (see Section 10.13). 
1 While tracing this closed 1 
and draw an arrow from tha 
Then, a plus sign is placed 
to which the arrow w 


90p, one should start 
t empty cell to ar. 
in the em 


with the empty cell being evaluated 
occupied cellin the same row or cotum 
pty cell, and.a negative sign in the occupied uw. 
ext, one moves horizontally or vertically Eus 
» 8nd so on, until one is back to the original emP 
plus 

one negative terminal in any row o 


58: 
$ 2 T column through which the loop happens to P?' 

Obviously, this restriction is imposed to ensure ti ra cues i 
violated when the units are shi i 


Mechanically, 


H 
ecupied cells, Th s i losed 100P 
identified by the symbol [7] in this book, ie do du 
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(0;D;) as much as possible in view of the rim requirements.* The 
revision of the given program was guided by the plus and minus signs of 
the closed loop. The smallest of the numbers in the cells in which minus 
signs of the closed loop appeared (600) gave the total number of units to 
be shiited to the empty cell. The shifting was accomplished by adding 
this number (600) to all the cells containing the plus signs of the loop 
and subtracting it from all the cells containing the minus signs of the 
loop. These changes gave us our new basic feasible solution. 

Finally, we tested the empty cell (02D2) of the second program and 
found that its opportunity cost was not positive. We therefore came 
to the conclusion that an optimal solution to our problem had been 
obtained. 

The procedure described above forms the core of the steppingstone 
method. Although the transportation problem that we solved was 
represented by only a 2 X 2 matrix (Table 10.7), the steppingstone 
method may be applied to any m X n matrix. 

Suppose that our initial assignment in a 4 X 5 (4 rows and 5 columns) 
transportation problem results in 8 occupied cells and 12 empty cells. 
In order to test the optimality of this program and, then, to revise it, we 
must calculate the opportunity cost of each of the 12 empty cells. If we 
discover that the initial program can be improved, we revise the program 
by including that empty cell whose opportunity cost is highest. Note 
that, regardless of the number of empty cells having positive opportunity 
Costs, only one cell at a time is included in the new program. 

We shall now apply the steppingstone method to the problem of 


Table 10.2. 


Step1 Obtain an Initial Basic Feasible Solution 


An initial basic feasible solution for a given transportation problem may 
€ obtained by following the northwest-corner rule, by the application 
9f Vogel’s approximation method, or simply by inspection. It will be 
Tecalled that for the transportation problem of Table 10.2 we obtained 
tions, given in Tables 10.3, 10.5, and 


hree di ic feasible solu r 
10.6, On E us take the basic feasible solution of Table 10.6 
(initial assignment by inspection) as the starting point for obtaining the 


cost of even & single cell is positive indicates that an 
btained and that the given program must be revised 
to obtai ] i lution. Normally, the improved program will 
i ain sic feasible solu E. impro i 

Include lise beue Eng on opportunity cost is highest. Since in this problem we 


+ 
s The fact that the opportunity 
P'mum solution has not been o 
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"Fable 10.12 First Program 


Destination 


6 
optimum solution by the Steppingstone method. The data of Table 10 
are reproduced in Table 10.12, 


Check on Step 1 


Since the number o 


Í occupied cells in this 
that is 4 4-5 — 1 


= 8, this is indeed a bas; 


Ed 
program equals m + n i 


ic feasible solution. 


Step 2 Determine the Opportunity Costs of the Empty Cells 


ath 
We repeat: in the Steppingstone method a separate closed loop W r 
signs must be completed for each of the empty pr. 
ive Opportunity costs can be calculated.* Since NE 
cells, 12 different closed loops mis, 
Ssociated with each empty cel " 
An examination of these opportunity C07 


firmly grasp both the lo 
Note the difference be 


* The reader should 
these closed loops. 


2o drawin£ 
gic and the technique utilized in draw 
that for O;D;. 


, and 
tween the elosed loop for cell iD: 
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shows that cell 02D, is the only cell with a positive opportunity cost. 
Hence, cell OD, must be included in our next program. 

A comment about the opportunity cost of zero (for empty cell O1D:) 
is in order. An opportunity cost of zero associated with a particular 
empty cell at any stage of the problem solution indicates that if this cell is 
included in the next program the total cost of the new program will be 
the same as that of the current program. Thus we list “Indifferent” in 
the "Action" column of Table 10.13. 


Step3 Revising a Given Program 


Having ascertained that a given program is not an optimal program (one 
or more empty cells have positive opportunity cost), we next revise the 


Table 10.14 


First program 


given program to obtain a ne 
program must include that empty cell of the current program whose 
paiay pa is aa No choice is necessary here, since cell 0:D1 
is the only empty ce aving a positive i t 

The revision of the first pr Pee dan 


W basic feasible solution. ‘The revised 


ogram is gui the 

empty cell to be included (in this decre oru A AE in 

Table 10.14. Since 10 is the smallest number ita negative cell in the 

closed loop, it is added to the cells containing plus signs and subtracted 

frora the cells containing minus signs, ADS 
The next question is: 


Does our revi 
i i evised pro 
solution? To answer this p 


: gram represent an optima! 
question, we haye t 


© repeat step 2, as discusse 
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previously. Should the result of step 2 indicate a nonoptimal solution, 
we would repeat step 3, namely, obtain another basic feasible solution. 
In other words, after the initial basic feasible solution has been obtained, 
the optimal solution is derived by the repeated application of steps 2 and 
3. Determination of the opportunity costs of all the empty cells of the 
revised program (Table 10.14) will reveal that an optimal solution has 
indeed been derived. The reader is encouraged to verify this by the 
application of step 2 to Table 10.14. 


10.8 MODIFIED-DISTRIBUTION METHOD FOR 
DERIVING AN OPTIMAL SOLUTION (MODI) 


The main difference between the steppingstone method and the modified- 
distribution method (MODI) for solving transportation problems con- 
cerns the stage of the problem solution at which the closed loop(s) is 
drawn. In the steppingstone method, the closed loops for all the empty 
cells are drawn before their respective opportunity costs can be calculated. 
The empty cell to be included in the next program is then identified as 
that having the highest opportunity cost. In other words, the procedure 
for calculating the opportunity costs of the empty cells is dependent on 
the tracing of the closed loops. 

In the modified-distribution method, however, the opportunity costs of 
all the empty cells are calculated and the highest opportunity cost is 
identified before any closed loop is drawn. As a matter of fact, in the 
modified-distribution method we need draw only one closed loop after the 
highest-opportunity-cost cell has been identified. "Thus, the procedure 
for ealeulating the conor poe of the empty cells in MODI is 
ir ende the tracing of the loops. 

e Nian Mi acHRdUR and rationale of the modified-dis- 
tribution method by solving the simple transportation problem of Table 
10.7, the data of which are reproduced in Table 10.15. The initial 
assignment made by following the northwest-corner rule is given in 


Table 10.16. 


Determining the Opportunity Crete onthe p tyi taa 

Havi d is problem by the steppingstone method, we are aware 
Ji ai We Mr of 1 unit to cell OD; (a elosed loop for the 
empty cell was established in Table 10.9 before this transfer was made) 
results in a net cost change of —1 dollar. This, of course, means that the 
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opportunity cost of not including cell O;D, in the first program is +1 
dollar per unit of goods. Another method of reaching the same con- 
clusion is via the determination of what may be called the implied cost of 
an empty cell. The implied cost of an empty cell sets an upper limit (in 


Table 10.15 


Orga a 
per time period 
1 

1 


Origin 


E. 
EE 
ESES 


Table 10.16 Initial Basic 
Feasible Solution 


Destination 
requirement 
per time period 


view of the existing program*) beyond which the inclusion of this cell n^ 
a new program is not an advantageous proposition. Let us explain 1 
connection with our transportation problem, 

* The implied cost of a given 
since the implied cost is indie 
using a given cell in a particu 


empty cell can chan 
ative of the relative 
lar program. 


T 
ge from one program to anothes 
advantage or disadvantage of ?' 
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In this ease, cell 02D, is the only empty cell. One way to find its 
implied eost is by drawing a closed loop and determining the net cost 
consequence of shifting | unit of goods into O:D;. Ignoring, for the 
time being, the actual shipping cost per unit via route 0.D,, we may 
calculate the net cost consequence of shifting 1 unit of goods into 05D; as 


OsDi — O1D, + 0D: — 03D; = 02D; — 2 + 2 — 2 = O.D, — 2 


Whatever the actual shipping cost per unit via cell 02D,, it is obvious 
that the above shift is desirable only if the net cost change (0,D, — 2) 
is negative. It will be negative so long as the actual cost of OD; is less 
than 2. The calculated upper limit for the actual cost of cell O.D, (in 
the existing program), beyond which the inclusion of this cell is not an 
advantageous proposition, is therefore 2. In other words, if the actual 
shipping cost via cell 02D, is greater than $2 per unit, the shift is not 
desirable. On the other hand, if the actual shipping cost is less than $2 
per unit, the shift is desirable and cell 02D, should be included in the 
next program. 

The implied cost of the empty cell 02D, therefore is $2 per unit. 

Also, as we noted earlier, the negative of the net cost change involved 
in shifting 1 unit of goods to an empty cell gives the opportunity cost 


associated with the empty cell. For cell 0;D;, 
Opportunity cost = — (net cost change) = —(0:Di — 2) = 2 — OD, 


Where O.D, is the actual cost of shipment per unit via cell O;D;. But, 
as we have just calculated, the implied cost of not using cell OD; is $2 


Per unit. Hence, 
Opportunity cost = implied cost — actual cost 


Substituting the actual shipping cost via cell O:D, ($1) and the calculated 
implied cost of cell 03D; in the above expression, we fodit E 
tunity cost (of cell 02D1) is 2 —] = +1 dollar. This is the same value of 
Opportunity cost (for cell Q.D) that we found Me by É direct observa: 
tion of the net cost consequence associated with shifting 1 unit of goods 
into cell Q.D, This equivalence holds for any empty cell, and we state 


again the general relationship: 


Opportunity cost = implied cost — actual cost 
ded in determining the opportunity cost 


Alt / ; suecee EM 
hough we have now the concept of implied cost, it has been 


ol an empty cell by developing 
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possible to do so only by first drawing a closed loop. The next logical 
question is: Can we somehow determine the implied cost of an empty cell 
without first drawing the closed loop? Should we find this to be possible, 
we would establish the main framework for the MODI method, for then 
we could subtract the actual cost of the empty cell from its calculated 
implied cost and thus determine its opportunity cost without first drawing 
the closed loop. * 

In this and the following paragraphs we shall develop a method for 
determining the implied costs of empty cells without drawing their 
respective loops. Let us refer back to the initial basic feasible solution 
of Table 10.16. In this program we have three occupied cells. In linear- 
programming terms, this means that three (au, 212, T22) of the four 
variables are basis variables. It will be recalled from the simplex method 
that the opportunity cost (represented by the numbers in the net-evalua- 
tion row) of any variable comprising the basis is zero. Similarly, it can 


be shown in the case of the transportation problem that the opportunity i 


cost of each of the occupied cells (cells containing the basis variables) is 
zero. Jn other words, if the basis variables are not going to be changed, 
then the hypothetical introduction and removal of 1 unit in any occupied 
cell will not result in any net cost change. Now, if we assign a complete 
set of row numbers (to be placed at the extreme right-hand side of the 
table containing a given program) and a complete set of column numbers 
(to be placed at the bottom of the table) in such a way that the shipping 
cost per unit of each of the occupied cells equals the sum of its row an 

column numbers, we shall satisfy the condition that the opportunity cost 
of each occupied cell be zero.t Further, since the sum of the row and 


eee numbers of any occupied cell equals the cost of that cell (a basi 
variable), the sum of the row and column numbers cor: nding to each 
empty eell (nónbasi i impli T DUE 

asis routes) gives the implied cost of that empty cell. 


* As the reader will recall, it is this feature that distin, uishes the MODI metho 
the steppingstone method. i " n 
1 The transportation problem, if fed into the first simple: leau, consists 0! 
d P : f colu 
PR , t st simplex tab ] 


: and other variables (see Fi Jump 
vector representing a structural variable. areas TD dE Mr 
, 


is thi : $ two of the entries are 1, and the rest are 7 
Hir ee pone of the transportation problem which Makes it quite easy ji 
f 1 w basis by the MODI method. The MODI method guides us to a new basis 
p ias the engi gel of the transportation matrix have bent “evaluated” simul- 
that dido ta E numbers u: and a set of column numbers v; are chosen 5^ 
at the oppor unity cost of each cell is given by u; 4- v; ES the actu? 
shipping cost per unit of the cell fallin í Arean yie pu an 


g in ith row and jth col , if we choos? 

; seut ; jth column. Thus, if we 

us and v; such that for all the occupied cells (basis routes) cj; = uy + v, d satisfy 

requirement that the opportunity cost of each occupied cell i: ie ‘F th empty oe 

(nonbasis routes), opportunity cost is given by u; Fv is ime ‘or the 
i = 6j. 


— 
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The implied cost of any empty cell, therefore, is given by 
Implied cost = row number + column number = w; -+ v; 


Thus, by the assignment of row and column numbers, we can calculate 
the implied cost of each empty cell without drawing a closed loop. We 
must now tackle the problem of assigning these row and column numbers. 

For each occupied cell, we have to choose u; (row number) and v; 
(column number) such that c;; (the actual shipping cost per unit in the 
occupied cell) equals the sum of w: and wy. For the occupied cell falling 
in row 1 and column 1, for example, « and v, are chosen such that 
Cu = w +v. Similarly, for cell 01D we must chose wu; and v2 such that 
Ci = ú + v2. This process must be carried out for all the occupied 
cells. But it should be realized that although a basic feasible solution 
for a transportation problem consists of m + n — 1 variables (in other 
words, there are m + n — 1 occupied cells), we must assign m + n values 
to obtain a complete set of row and column numbers. Hence, to deter- 
mine all the row and column numbers, one arbitrary number, seiving 
as either a row or a column number, must be chosen. Once one row 
number or column number has been chosen arbitrarily, the rest of the row 
and column numbers can be determined by the relationship ci; = us + vj. 
This relationship, as stated earlier, must hold for all the occupied cells. 
In so far as any arbitrary number can be chosen to represent one of the 
us or v/s, we shall follow the practice of making uw; take the value zero. 
This completes the deseription of the procedure for determining the Tow 
and column numbers. The actual numbers for our example are given 
in Table 10.17. If we arbitrarily choose a value of zero for w, our next 
What value must be given to vı so that ci = wi + 2; or 
vı must take a value of 2. Next, we ask: 
en to v: so that ci» = ui + v2 or 2 = 0 + va? 
Again, what value must be given to uz so 
+2? Obviously, u: = 0. By first assign- 
d then posing a series of questions, we have 


question is: 
2=0-+»;? Obviously, 
What value must be giv 
The value of v; must be 2. 
that Coo = Ug +02 Or 2 = Us 
ux an arbitrary value to K Ps ERE 
etermi w and co Y 
PUMA. eu the opportunity cost for the empty cell OsD;. 
The opportunity cost of an empty cell, as stated earlier, is given by 
implied cost — actual cost, that 15, by (u: + v) — cy. For cell 0:D,, 
herefore, the opportunity cost is u: +v — ca = 0+ 2—1= +1 
ollar. The answer, of course; 1$ the same as that obtained by the long 
Method. In so far as the opportunity cost of the empty cell OD; is 
Positive, this is not an optimum program and hence must be revised. 
Before we revise the above program, let us summarize the role of the 
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row and column numbers. In so far as the row and column poop ES 
assigned in such a manner that the actual cost of every E E. 
equals the sum of its row and column numbers, the sum of x A ine 
column numbers of each empty cell gives the implied cost of tha 


Table 10.17 


EE 


Row number 


Table 10.18 


Implied cost Actual cost Action 


uty > [27] A better program can be 
in the solution 
ute; = [n Indifferent; however, 


? is cell 
designed by including this cel 


e 
an alternative program with is 
same total cost. and including this cell can be design 


titi < o not include this cell j in the program 


ei D 


cell (unused route). 
actual eost, this route 
on the other hand, s in 
than its actual cost (cz), th 
in our next program. In summary, 
program in which the objective is to m 
given in Table 10.18 apply. Fi 


If ed implied cost of 
10uld be left out 
iplied cost (u; 
en this route w 


the empty cell is less than 165 
of our shipping program. v 
+ vj) of an empty cell is IN 
ould be a candidate for ino UM 
to evaluate and improve a give 3 
?nimize a given function, the rU id 
9r à transportation problem in w. hich t 
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objective is to maximize a given function, the signs of the inequalities 
given in the table must be reversed to establish the guidelines for action. 
Let us now return to our problem. 


` 


Revising a Given Program 


The last step in the MODI method is exactly the same as the correspond- 
ing step in the steppingstone method. Having identified the empty cell 
to be included in the next program (the cell with the highest opportunity 
cost), we draw a closed loop for this cell. The new basic feasible solution 
is then derived by shifting into the empty cell the maximum possible 


Table 10.19 
First program Revised program 


iolati i i . The revised 
n i i violating the tim requirements. d 
B dee Re arte 10.19. To determine if the revised program 
e must determine the opportunity cost of the 
ted in Table 10.20. From the table, we 


Program is given in Tabl 
Í 18 an optimal program, we 
empty cell O,D;. This is illustra 


See t 
"x -uta--lé2-41 


Bb) 


Implied cost of cell O2D2 
Actual cost of cell OzD2 

Hence 
= implied cost — actual cost 


Opportunity cost of empty cell O2Ds 
= 4152941 


Th go far as th ortunity cost of the only empty cell is nonpositive, no 
e opp 


\ 
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i is progr. n, is 
improvement in the present program is possible. This program, then, 
imal program. che a 
p Shall M eps the modified-distribution method to the problem 
Table 10.2. 


Table 10.20 


Destination 
Origin Row number 


Column number 


Step 1 Obtaining an Initial Basic Feasible Solution 

" ans- 
As discussed earlier, an initial basic feasible solution for a given ber. 
portation problem may be obtained by following the northwest- y 
rule, by the application of Vogel's approximation method, or SE rable 
inspection. Table 10.21 reproduces the basic feasible solution o! 


ing 
10.6 (initial assignment by inspection), which we shall take as à ee he 
point for obtaining the optimal solution by MODI. In so far at is; 
number of occupied cells in this program equals m +n — 1, t 

4F5—1=8 this is indeed a 


basic feasible solution. 


jls 
Step 2 Determining the Opportunity Costs of the Empty E 


To determine the opportunit; 
method, we must first determ 
assigning a complete set of ro 
Table 10.22. The uncireled 


ov! 
Y costs of the empty cells by the Md by 
ine the implied costs of the empty sA iv 
w and column numbers. ‘This is sh jie? 
numbers in the matrix represent the 


i 
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Table 10.21 First Program 


BOPPE 


© 
© 


e dH e 


[5| 
e| e es ot 
|s| [s] 


© 
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Table 10.22 


Ph met td wed Gel 
ICEPBU 


P| at “ol On H 
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costs of the empty cells. A comparison of the implied and actual costs of 
each empty cell shows that only cell 02D, has a positive opportunity cost 
` of +1 dollar. For cell 02D;, opportunity cost = implied cost — actual 
cost = 9 —8 = +1. A similar calculation for cell OD; shows that its 
opportunity cost is zero. The opportunity costs for the rest of the empty 
cells are negative. 
Having identified the presence of positive opportunity cost, we know 
that this program is not an optimum program. Hence it must be revised 


to include that empty cell which has the highest opportunity cost (in this 
case cell 02D)). 


Step 3 Revising the Given Program 


The revision of the given program is guided by a closed loop drawn for 
the empty cell which is to be included in the next program. ‘The loop fon 


"Table 10.23 


Row number 


el i 
a pee E ae the program is revised in exactly the same manne 
mality (by th Sc, te The revised program is then tested for P 
LU Moy vie application of step 2), as shown in Table 10.23. A oe 
parison of the uncireled numbers (representing the implied costs) in th 
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empty cells and the respective actual costs shows that no empty cell has 
a positive opportunity cost,* Hence, this is an optimal solution. 


10.9 PROCEDURE SUMMARY FOR THE 
MODIFIED-DISTRIBUTION METHOD 
(MINIMIZATION CASE) 


Step 1 Obtain a Basic Feasible Solution 


An initial basic feasible solution for a given transportation problem may 
be obtained by following the northwest-corner rule, by the application 
of Vogel’s approximation method, or by simple inspection. 

Test for step 1. A basic feasible solution must include shipments cover- 
ing m +n — 1 cells. That is, the number of occupied cells (basis varia- 
bles) is 1 less than the number of rows and columns in the transportation 
matrix, 

If the number of occupied cells in the initial solution is more than 
m +n — 1, there isa computational error which can easily be corrected 
by rechecking the data. If the number of occupied cells is less than 
m +n — 1, this is a degenerate solution. To resolve degeneracy, add 
one or more epsilons to some “suitable” empty cells so that the number 


of occupied cells becomes equal to m +” — 17 


Costs of the Empty Cells 


Step 2 Determine the Opportunity 
Actual Cost) 


(Opportunity Cost = Implied Cost — 


1. Determine a complete set of row and column numbers (values). When, 
in a given program, the number of occupied cells equals m+n—1, 
proceed to assign row and column numbers (values) in such a manner 
that, for each occupied cell, the relationship ci; = wi + Y holds. To 
start, a value of zero can be assigned to any row haying an occupied 
cell, "The rest of the row and column numbers can then be determined 


by making sure that, for each occupied cell, ci; = t + y. In other 
Words, for each occupied cell, the actual shipping cost per unit should 


equal the sum of its row and column values. 
b. Calculate the implied costs of the empty cells. Once all the row and 
column values have been assigned, the implied cost of a given empty 


E H 
The fact th: hi n opportunity cost of zero means that an alter- 
r at empty cell 01D» has 2n Op. ata 
Native program which will include cell 0,D: and have the same total shipping cost 
88 thi : 
program ean be designed. 3. i t 
1 Degeneracy in transportation problems is illustrated in Section 10.13. 
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cell can be calculated as follows: 
Implied cost — row value 4- column value 


c. Determine the opportunity costs of the empty cells. The oppor 
cost of an empty cell is determined by subtracting the actual cos $ 
the empty cell from its implied cost. In other words, opportumity 
cost, for each cell, is given by 


Opportunity cost = u, + vj — ci 


If the opportunity costs of all the empty cells are nonpositive, Fi, 
optimal solution has been obtained. If, on the other hand, even & smg 
cell has a positive opportunity cost, a better program can be designe 
Thus, step 2 serves as a test for optimality. 


í Step 3 Design an Improved Program 


Design a new program such that the empty cell having the largest op DSA 
tunity cost (in the program to be revised) is included in the solut! 
This is accomplished in the following manner: 


a. Draw a loop of horizontal and vertical arrows in such a manner wa 
it starts from the empty cell to be filled, passes to an occupied cel a 
the same row or column as the empty cell, and then, making & ser 
alternate horizontal and vertical turns through occupied cells, retu 
to the original empty cell. ly: 
Place a plus sign (+) in the empty cell to be filled. Then, alternate 
place minus signs (—) and plus signs (+) at the beginnings and en 
of the connecting links of the loop. cen 
» Examine those occupied cells in which the minus signs have i ed 
placed. Of these, the cell having the least number of units is NER 
by transferring these units to the empty cell. This is accomplishe ing 
adding the same amount to all cells having plus signs and pil 
it from all cells having minus signs. The improved program a i 
have the same number of occupied cells as the preceding program" ot 
the number of occupied cells in the improved program is less gee uch 
of the preceding program, the problem becomes degenerate. PE the 
a case, add epsilon(s) to some recently vacated cell(s) such (ET 
number of occupied cells again equals m + n — 1.* 
* See Section 10.13. 
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Step 4 


Repeat steps 2 and 3 until a program is achieved in which each empty 
cell has an opportunity-cost value which is either zero or negative. 
This program will be the optimal program. 


10.10 MODIFIED-DISTRIBUTION METHOD 
(MAXIMIZATION CASE) 


Except for one transformation, & transportation problem in which the 
objective is to maximize a given function can be solved by the MODI 
algorithm as presented above. The transformation is made by subtract- 
ing all the c,;’s from the highest ci; (profit) of the given transportation 
matrix. The transformed c;/'s give us the relative costs, and the problem 
then becomes a minimization problem. Once an optimal solution to this 
transformed minimization problem has been found, the value of the , 
Objective function can be calculated by inserting the original values of 
the c;’s for those routes which form the basis (occupied cells) in the 


optimal solution. 


10.11 BALANCING THE GIVEN 
TRANSPORTATION PROBLEM 


ion problem by the step-by-step procedure 
ust establish equality between the total 
ments of the destinations. 


To solve a given transportati 
Blven in Section 10.9, we m : 
capacities of the origins and the total require: 


Three cases can arise. 


Case] x); = Zd; 


In this case, the total capacity of the origins equals the total requirement 
] 


of the destinations. The problem can be arranged in the form of a 


Matrix, along with the relevant cost data, and the transportation algo- 
i z tain a solution. 


rithm may be applied directly to ob 


Case 2 Zb; > Zd; 


the origins exceeds the total requirement 


Th thi i 
S cas l capacity of sop: 
9 SON Ud » destination can be added to the matrix 


the destinations, A “dummy 
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to absorb the excess capacity. The cost of shipping from each origin g 
this dummy destination is assumed to be zero. The adding of a dumn y 
destination establishes equality between the total origin capacities a 
total destination requirements. The problem is then amenable to sotu 
tion by the transportation algorithm. 


Illustrative Example 


Table 10.24 gives both the unbalanced and balanced forms of a ues. 
tation problem in which the total given capacity of the origins er 
the total given requirement of the destinations (Zb; > Zd,). In prae 


Table 10.24 
Unbalanced form 


Balanced form 


Destination 
requirement 


the optimal solution identifies the 


4 ess 
particular origin at which the ore 
capacity should be left idle. 


Case 3 Zb; < Zd; 


re^ 

In this case, the total capacity of the origins is less than the total ie 

ment of the destinations, A dummy origin can be added to the ies fro 

: tation matrix to meet the excess demand. The cost of ship pint dine 
the dummy origin to each destination is assumed to be zero. The? tota! 

of a dummy origin in this case establishes the equality between the * 

capacity of the origins and the total requirement of the destination": 


in^ 
p! " 


* Th a0 
ing 


o 
4 "wd will ROI that the role of the dummy column or dune "m che 
Gummy variables in a trang i i the ro 
variables in the ge Cre bine hori 


neral linear-programming problems illustrated previously 
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Illustrative Example 


Table 10.25 gives both the unbalanced and balanced forms of a transpor- 
tation problem in which the total given capacity of the origins is less than 
the total requirement of the destinations (Zb; < Zdj. In practice, the 
optimal solution identifies the particular destination whose requirement 
cannot be fully satisfied. . 

In the initial assignment for a transportation problem which has been 
balanced by the addition of a dummy origin or a dummy destination, 
only the last necessary allocations should be made to the dummy cells. 


Table 10.25 


Unbalanced form Balanced form 


Destination 
requirement 

Destination 
requirement 


This procedure, in general, will result in fewer iterations before an 
, 


Optimal solution is derived. 


10.12 SIMPLEX TRANSLATION OF THE 
TRANSPORTATION METHO 


i ding parallels in the 

Some important observations can be made regar gh : 
general Pv Et model and the simplex pos oe me 1 ps: 
e dummy variables in the transportation prob em is simili on 
9f the slack variables in the general E SEES pr a 
cond, the occupied cells and empty cells of a ae x ion progr 4 
correspond, respectively, to the pasis variables and nonbasis variables 


of the simplex tableau. : 
"Third, the revision of 2 dn 
© process of obtaining 8 neW 


transportation program is parallel to 
asis in the simplex method. Let us 
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explain this point further. A given transportation program, it will be 
recalled, is improved by filling or including one empty cell (that having 
the highest opportunity cost) at a time. In this process, all the units 
from at least one cell are removed. Thus, a new cell is filled and becomes 
an occupied cell, and-at least one of the previously occupied cells joins 
the category of empty cells. The total number of occupied cells, there- 
fore, can either remain constant (only one previously occupied cell 
becomes an empty cell) or decrease (more than one of the previously 
occupied cells become empty cells) from one program to the next. If the 
number of occupied cells remains the same from one program to the next, 
the process is similar to a simplex iteration in which one new (nonbasis) 
variable is introduced into the solution to remove one of the basis variables 
currently in the solution. Of course, in this case we obtain a new basie 
feasible solution. If, on the other hand, the process of filling one empty 
cell results in the simultaneous vacating of two or more of the currently 
occupied cells, the transportation problem becomes degenerate. This 
latter situation, as the reader will observe, is parallel to the simplex 
iteration in which the introduction of one new (nonbasis) variable 
removes, simultaneously, two or more of the current basis variables— 
here, too, the problem becomes degenerate. 


10.13 DEGENERACY IN 
TRANSPORTATION PROBLEMS 


It was established earlier that a basic feasible solution for a transportation 
problem consists of m + n — 1 basis variables. This means that ia 
number of occupied cells in a given transportation program is 1 less , er 
the number of rows and columns in the transportation matrix. Whene e 
the number of occupied cells is less than m +n — 1, the transportat! 
problem is said to be degenerate. 8. 
Degeneracy in transportation problems can develop in two ho 
First, the problem may become degenerate when the initial progr p 
designed via one of the initial-assignment methods discussed earlier. all 
resolve degeneracy in this ease, we can allocate an extremely pu o 
amount of goods (close to zero) to one or more of the empty cells, 


that the number of occupied cells becomes m + n — 1. The ae 
taining this extreniely small allocation is, of course, considered to 
occupied cell. 


py 
* This extremely small amount, ad 

repres i aloon atom 
empty cell subject to th » Tepresented by epsilon, e may be y 


s ation 
: € condition that this wi 3 determinatio 
unique set of row and coly at this will make possible the 


mn numbers, 
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In linear-programming literature, this extremely small amount is 
usually denoted by the Greek lettere (epsilon). The amount e is assumed 
to be so small that its addition to or subtraction from a given number does 
not change that number. For example, 50 + e = 50, and 200 — e = 200. 
Of course, if « is subtracted from itself, the result is assumed to be zero; 
that is e — € = 0. 

The development of degeneracy during the initial assignment and its 
resolution will be illustrated with the transportation problem of Table 
10.26. 


Table 10.26 Data for the Transportation Problem 


Origin capacity 


Destination 
requirement 


blem may become degenerate during the 
hen the inclusion of the most favorable 
hest opportunity cost) results in the 
e of the currently occupied cells. 
allocate e to one or more of the 


Second, the transportation pro 
Solution stages, This happens wh 
empty cell (the cell having the hig 
Simultaneous vacating of two or mor 


This type of degeneracy and its resolution will 


Program is m +n — 1. tation problem of Table 10.30. 


be illustrated with the transpor 


*Case 1 Degeneracy during the Initial Assignment 


rule, we obtain the initial assignment 


Follow: 
9llowing the northwest-corne’ v ean amber lot! oecupied ‘celle 4A Mis 


Sven in Table 10.27, Note th 


CT ————— 
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program is 3, which does not equal m + — 1. Hence, the problem E 
degenerate at the very beginning, and no attempt to assign row a 
column numbers to Table 10.27 will suceeed. However, we can resolve 
this degeneracy by the addition of epsilon to any of the empty cells. In 
so far as this is a minimization problem, we allocate epsilon to the lowest- 
cost cell O;D» (see Table 10.28). With this modification, the number of 
occupied cells equals 4, that is, m + n — 1. Hence, it is now possible 
to assign a unique set of row and column numbers in order to apply the 
MODI method (see Table 10.28). It is clear that the implied cost of cell 
O2D, is 5 (us +v = 243 = 5), whereas its actual cost is 3. Hence, 


Table 10.27 Initial Assignment by Northwest-corner Rule 
(a Degenerate Solution) 


the opportunity cost of 


in 
cell 02D: is5 — 3 = +2. Thus, the program ? 
Table 10.28 is not opti 


mal. 

The revision of the program is shown in Table 10.29. The closed RA 
of the table shows that at most 15 units can be shifted to cell 02 ; 
This necessitates the subtraction of 15 units from O,D, and from 0s ! 
and the addition of lorunits to O1Ds, In so far as 15 thermo 
01D; has been assigned a total of 15 units by this shifting process 
note that the revised program is not a degenerate solution. 1 ome i 
phe revised program for optimality, we find that it represents an opt! i 
Solution to the given problem. The reader can immediately verify ting 
by assigning a set of row and column numbers to the matrix represe” 


the revised program and then calculating the opportunity SET 

empty cells, pov? 
When degeneracy developed in the initial assignment for mhe of e 

transportation problem (Table 10.27), we noted that the addition 
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any of the empty cells enabled us to determine a unique set of row and 
column numbers. This is usually true whenever the initial assignment is 
made by following the northwest-corner rule. However, when the initial 
assignment is made by another method, such as by inspection, one cannot 
add epsilon to just any empty cell. Instead, e must be added to one of 


Table 10.28* 


Row number 


Column number 


* Initial basic feasible solution (after the addition of e to cell 01D:;) and 
its row and column numbers. 


Table 10.29 


j i 'ogram 
First program Revised prog | 


ossible the determination of a unique 
Let us illustrate this point by con- 
lution of the transportation problem 


those empty cells which will make p 
Set of row and column numbers. 
Sidering one particular degenerate so 
9f Table 10.30. 

_ Clearly, the initi 
lon, since the number of occu 
resolve this degenerate solution W 


“=a 


ienment; by inspection, gives a degenerate solu- 
Ms pied cells is less than m + n — 1. To 
hich has developed at the very start, 
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we must add e to one of the empty cells. But we must choose this empty 
cell with careful judgment, for if we make any one of the empty cells 
O:Ds, O4Di, and O;D; an occupied cell by the addition of e we shall 
not be able to assign a unique set of row and column numbers. On the 
other hand, the addition of e to any one of the cells 0,D,, O1Ds, O:Ds 
0:D:, 04D, and OD; will enable us to resolve the degeneracy and allow 
us to determine a unique set of row and column numbers. The task of 
verifying these statements is left to the reader. 


Table 10.30 
Data for the 
transportation problem 


An initial assignment 
by inspection 


:ned, the 
w and column numbers has been determined, ine 


Once a unique set of ro 


H i i 
various steps of the transportation algorithm can be applied in & m 
manner to obtain an optima] solution. 


Case 2 Degeneracy during the Solution Stages 1 

ipii? 

b are a transportation problem and Th golU- 
i owing the northwest-corner rule. 

AR resented by Table 10.318 is a basic feasible solution. 

ign a set of row and column numbers to the empty cells 
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^ program, we would discover that there are several empty cells (includ- 
ing cell O;D;) having positive opportunity costs. Let us decide, arbi- 
trarily, to include cell 01D; in a new program. This necessitates shifting 
10 units to cell 01D; as guided by the closed loop shown in Table 10.316. 
The resulting program, given in Table 10.31c, is a degenerate solution. 


Table 10.31a Data for the Table 10.315 Initial Assignment by 
Transportation Northwest-corner 
Problem Rule 


developed during the solution stages, we 

to one of the recently vacated cells, i.e., 

cell o The reader should verify that, in this case, a set of 

row et oH E e can be determined only if epsilon is added to one 
Mire OsD2, OsD2, O2D1, OsDs, O2Ds, or O4Ds. 


Since the degeneracy has 
should resolve it by adding € 


the empty cells 0:D2, 


CC | nmm S EE 
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i to 
i inimizati hould add epsilon t 
this is a minimization problem, we shou E 
hae ur cell which has the lowest A zi FS E 
i le i i between cell 01D; and cell 0;D;, ; 1 
There being a tie in this case ; : to assign & uniques 
i i tocellO;D;. This enables us to E N 2^ 
trarily decide to add e tae d dba. 
&nd column values to program 2, cale to itl 
7 um empty cells, and identify the most favorable empty cell 
included in the next program (see Table 10.31e). ie c ERE 
The solution represented by program 3 is, again, Ed ME 
therefore add another epsilon to cell O4D, because, o on eal 
recently vacated (05D; and O,D,), cell 04D; has the lower s P ia 
per unit.* This means that we now have two cells (01D: a a 
Table 10.31f) having an assignment of epsilon. This modificatio 


Table 10.31d Revised Program 2 Table 10.31e Program 3 


Column 
number| | 


i The 
us to continue the application of the transportation e due ple 
assignment of row and column numbers to program 3 is show Jis of 
10.31f. The calculation of thi 


ce 
e opportunity costs of the m y Henco 
program 3 will show that cell 01D, is the most favorable cell. 


A r nex 
we draw a closed loop for cell OiD, and include this cell PAIN y he 
Note that program 4 is SS from 
one of the epsilons has been sh trates Ë V 
O:D, (in program 4). This pi ne£ n 
he shifting process when the mog ilon (S£ 
amount shown in the negative terminals of the closed loop is E 4 
the closed loop O,D, — 04D, + OD, — 01D, in the revised profs 

Caleulation of the opportunity costs of the empty cells of P 


te 
ey 
licitly 
his and other details which have not been exp! 
em. 2 


ram 3, except that 
(in program 3) to cell 
Procedure by which we handle t 


* The reader'shoutd verify t 
in the solution of this prob]. 


> 
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will reveal that cell O3D; is the most favorable cell. Hence, we draw a 
closed loop for cell 03D; and include this cell in our next program (see 
Table 10.31h). Notice that, as'a result of the inclusion of cell 03D; in 
program 5, cell O;D, has become a normally occupied cell. That is, 
Instead of having an assignment of e, as was the case in program 4, cell 


Table 10.31f Revised Program 3 


Table 10.31g Program 4 


Row 
s [number 


01D, now has an assignment of 5 u 
-° Solution stages of any transporta 
i © basic feasible solution (see 
p € Optimal m of a give 
TOP progra: : 

asible Solution, one or more eps! 


8e 
Tena Tables 10.31¢ through 10.313). 


Table 10.31i Program 5 


nits. The epsilons disappear during 
tion problem whose optimal program 
Tables 10.27 through 10.29). However, 
n transportation problem is not a basic 
lons will remain in the optimal program 


In the latter case, we simply dis- 


td the routes in which the epsilons appear. 
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; byes no 

A test of optimality applied to program 5 will show mar be A 
optimal program. We therefore must design a new and cm gl 
(see Table 10.317). The reader should verify the details of the 

ram 6. ^ 5 

» It we test program 6 for optimality, we shall find that it reed E 
optimal solution. The assignment of € to cell 01D; can now OMe 
garded, which means that no goods will be shipped irom orig le ofa 
destination Ds. It is to be observed that program 6 is an examp: j 
optimal solution which is not a basic feasible solution. 


Table 10.31j Revised Program 5 Table 10.31k Program 6 


10.14 ALTERNA 


TIVE OPTIMAL SOLUTIONS 
TO TRAN 


SPORTATION PROBLEMS 


D 
. P ways 
An optimal solution to a given transportation problem is oe en for? 
unique solution. The existence of more than one optimal solu it 
transportation problem can 


n 
be determined by examining the oppor be 
costs of the empty cells in the optimal program designed by follow d or" 
transportation algorithm. If there is any empty cell having 8? with 
tunity cost of zero in the op 
the same total shipping co: 


Second optimal program is i 
include the zero-opportuni 


é 
Table 10.32. 


ft 
- ! d osts O 
The uncircled numbers in the matrix represent the implied c9 F 
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empty cells. A quick visual check reveals that the opportunity cost of 
the empty cell O;D; is zero.* Hence, the total shipping cost of a new 
program including cell 01D; will be the same as the total shipping cost of 


Table 10.32 Matrix A (First Optimal Program) 


Row number 


* 


Table 10.33 
Matrix A (first optimum program) 


revision of the first optimal 
le 10.33. The total shipping cost in each of 
der can verify. 


the present (first optimal) program. Tu 
Program is illustrated in Tab 
© two programs is $695, as the rea Ts 
* 
Q i Nee — actual cost. For cell O,D:, the implied cost 
G eee Ete Thus, the opportunity cost of cell 01D; is zero. 
3) e actui 
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Once the existence of two alternative optimal programs is established, 
an infinite number of other alternative optimal programs can be derived. 
The following relationship governs the derivation of these alternative 
programs: 


Derived program = dA + (1 — d)B 
where A = matrix representing first optimal program 
B = matrix representing second optimal program 


d = any positive fraction less than 1 A 


Let us illustrate the application of the above formula by considering the 
two optimal programs given in Table 10.33. Assume that d = $. Then 


Derived program = $4 + 3B 


Thus, we multiply each assignment in matrix A by 4, multiply each 
assignment in matrix B by $, and add the corresponding elements 
(circled numbers representing allocations) of the two matrices. 


Table 10.34 Derived Program (Third Alternative Solution) 


[5| 
12418- (90) 


16+24- (80) 
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result is the derived program given in Table 10.34. The total shipping 
cost of the derived program, as can easily be verified from Table 10.34, is 
the same ($695) as that of the first two optimal programs. The derived 
program fully satisfies the rim requirements. However, the number of 
occupied cells in the derived program is 9, as compared with 8 in the first 
two optimal programs. This means that our derived program is a feasible 
solution, but not a basic feasible solution. 

In so far as we can let d be any positive fraction, it is obvious that an 
infinite number of derived solutions can be obtained so long as two alter- 
native optimal solutions can be identified. d : 

In terms of practical significance, the possibility of designing alternative 
solutions gives valuable flexibility to the decision maker. It should 
also be realized that an examination of the opportunity costs of the 
empty cells (of the optimal program) enables us to identify solutions in 
descending order of preference in terms of total shipping cost. 


chapter The Ass ig nment 


1 1 Model 


11.1 INTRODUCTION 


The assignment model deals with a special class of inesr-programum ee 
problems in which the objective is to assign a number of “origins” to | n. 
same number of “destinations” at a minimum total cost.* The Hi. 
ment isto be made on a one-to-one basis. That is, each origin 4 à 
associate with one and only one destination. This feature implies ler 
existence of two specific characteristics in a linear-programming prob a 
which, when present, give rise to an assignment problem. First, the P ^ 
off matrix for the given problem is a square matrix. Second, the optim! m 
solution (or any solution within the given constraints) for the problems 
Such that there can be one and only one assignment in a given row 
column of the given payoff matrix, and 
Payoff measures for each assignment are assumed to be known n 
independent of each other. With information about the nube 
origins and destinations and the payoff measure associated with e. 
available assignment, the assignment! model is used to choose ade 
strategy which maximizes or minimizes the total payoff measure, deP 


à the 
mg upon whether the particular payoff represents a gain or a loss to 
decision maker, 


‘11.2 A SIMPLE ASSIGNMENT PROBLEM 


Let us illustrate 
the assignment o 
* Of course, 
total payoff. 


214 


ideri? 
an extremely simple assignment problem by consid es 
f three given jobs O;, Oz, and O; to three given ™ ; 


f. E E axi! 
if the payoff measure is of the profit variety, the objective is to m: 
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Di; Dz, and D; The problem states that any one of the jobs can be 
processed completely with any one of the machines. Further, the cost of 
Processing the ith job (i = 1, 2, 3) with the jth machine (j — 1, 2, 3) is 
known. The objective, therefore, is to assign these jobs to the machines 
in a manner that will minimize the total cost of processing all the jobs. 
The relevant cost data are given in Table 11.1 in matrix form. A quick 
visual inspection of this simple problem reveals that the minimum total 
cost assignment will require that jobs 01, Os, and Os be assigned, respec- 
tively, to machines Dı, Da, and Ds. 

The total cost of the optimal assignment, can be obtained by multiplying 
the cost of each assigned (occupied) cell by 1, multiplying the cost of 


Table 11.1 


etch unassigned (empty) cell by 0, and then adding the products. Thus, 


the total cost of the optimal assignments for this problem is 


10) + o9) + o2) + 0(15) + 142) + 01 
+0(20) + 0(16) + 1(11) = $33 


This i t matrix can be represented as 

in m suggests t: timal-assignment 2 

in Tables = i T kv ds, we can think of the assignment HUNE 

Problem in making proper “matches” between JE M x an : y 

ns nations TURBO GRE IS allocated to those cells* for which a mate! 
ed Rudy Reve Den ae bed m " First, as 
eh r for ma s. ; 

PU NE ogs ara ii can use the transportation model for 

^3 


identifies a complete utilization and satisfaction iA end and require- 
ei S s i 
© particular n and column in which such a cel s 


"hs 
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solving the assignment problem. Second, provided the Ben 
small dimensions, we can identify the optimal assignment i E 
ing and examining all the possible assignments (see Section 11.5 2 E. 
we can use the “assignment model" for solving such problems (se indi d 
11.7). Of these, the assignment model is the most efficient me 

itack for obtaining the optimal assignment. 4 n 
ae have constructed and solved the problem of Table 11.1 Me 
objective of giving the reader an intuitive understanding of the iien ond 
problem. Note that the optimal-assignment matrix has one and only 


Table 11.2 Optimal- 


assignment 
Matrix 


sng the 
assignment in each row and each column. Another way of saya the 
same thing is that the sum of assignments for each row and column vire 
optimal solution to the assignment problem must be 1. This red 
ment, along with other components of a complete statement 9 
assignment problem, is presented in the next section. 


11.3 THE ASSIGNMENT PROBLEM 
AS A SPECIAL CASE OF THE 
TRANSPORTATION PROBLEM 


o 
) : +] case 
It was mentioned earlier that the assignment problem is a Bre assig” 
the general linear-programming problem. Asa matter of fact, t jn 


, hich, 
ment problem is a special case of the “transportation problem,” W ble 
turn, is itself a Special case of the g 


z z proble” 
1 eneral linear-progr amine ed n 
This will become clear as we consider the 3 X 3 transportation i this typ” 
Table 11.3. It will be recalled that a transportation problem © 


Sec. 11.3 


Table 11.3 


Destination 


Destination 
requirement 
ber time period 


can be stated as: 
Minimize 


3 3 
P(X) = » D Citi 
j=l i=1 
Subject to 


Tj = b; 7=1,2,3 


jg = d, j21,2,3 


S 
li 
dod 
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Origin capacity 
per time period 
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In other words, the above transportation problem calls for the deter- 
mination of the z;;’s such that the objective function is minimized s 
to the given constraints. Now, let us suppose that each b; = i, and e 
d; — l. Impose, further, the restriction that Ty = (my. T hen the 
above transportation problem reduces to the following form: 

Minimize 


OE 
F(X) = X » Cijtij 

j=1 i21 
subject to 


%j = (tj)? 4, 7 = 1, 2,3 


3 
P. zg-1 4= 1,998 struc- 
ie 


tural 
3 con- 
2 gg =1 j=1,2,3 straints 
and 


20 al 


,9  nonnegativity 
ET 3 


Ay, constraints 


2 
2 
A little reflection will show that the meaning of the structural constraints 
given above is as follows: (1) z;; can take only the value 1 or 0 and (2 
the sum of the z;?s for each row and each column isl. But this is exactly 
what was specified as one of the properties of the assignment problem In 
the preceding section. In fact, the objective function, the structure 
constraints, and the nonnegativity constraints given above portene 
exactly to the descriptive statement of the assignment problem of Ta H 
11,1. We therefore come to the conclusion that the assignment proble! 
is, indeed, a special case of the transportation problem, 


11.4 SOLVIN 


G AN ASSIGNMENT PROBLEM 
BY THE 


TRANSPORTATION TECHNIQUE 


In so far as the assi 


2 tion 
Snment problem is a special case of the transport? 
problem, we shoul 


E 
d be able to solve any assignment problem by appli 
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tion of the transportation algorithm. We shall illustrate this by con- 
sidering the assignment problem in Table 11.4. The number within each 
cell represents the cost (c;;) of pracessing the ith job with the jth machine. 


Table 11.4 


Job 


ü we place this problem in a transporta- 


tion 


View of our previous discussion, 


format in Table 11.5. ] l The first step, of 
E ve this problem. 
et u thod to solve t 1 initial assign- 
Sours, is to eO alo feasible igo atia lee 
en f rner rule, 3 SIE Ei 
N o pring tie ey deed of occupied cells in this assign: 
in Table 11.62. 
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ment is 3. However, we need m +n — 1, t 
order to obtain a basic feasible solution. * 

We add epsilons to cells 01D; and O:D;, 
feasible solution given in Table 11.6b. 
numbers to this program shows that t 
opportunity cost, since the "implied" 
actual cost is 10 (see Table 11.60). 
does not represent an optimal assigni 


hat is, 5, occupied cells in 


thus obtaining the basic 
An assignment of row and column 
he empty cell 02D, has a positive 
cost of cell 0,D; is 11, whereas its 
Since the program of Table 11.6) 
ment (the opportunity cost of cell 


Table 11.6a Initial Assignment 
by Northwest-corner 


Table 11.66" A Basic 
Rule (a Degenerate 


( Feasible 
Solution) Solution 


02D, is positi ji ; 3 
11.64). pomnve), We revise this Program to include 


The revised assigni 


cell O.D, (see Table 


* In so far as any assignment proble 

E Z ee: m must h 
a basic feasible solution should have n SES. oye a square 
Structural constraints of the assignment Prob] occupied cells, 
cannot have more than n a 


ore assignments (that is, 
ment problem is inherently degenerate, 


But, owing to the 
A y ion of such a problem 
a Hence, the assign- 
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Table 1l.6c First Assignment Table 11.6d Revised Assignment 


Column number 


the em the revised assignment is the 


pti 


Pty cells are nonpositive; hence 
imal assignment. 
18 assignment says: 


EC * 

Mago Job O, to machine D; 

WO Job O; to machine D1 
82 job O; to machine Ds 


Ti z ; 
18 total cost of this optimal assignment 1s eRe O ae a 
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By solving the assignment problem of Table 11.4 by the transportation 
technique, we have added little to our knowledge—since the transporta- 
tion method was adequately covered in the last chapter. The effort, 
however, has not been completely wasted, for we have shown that any 
assignment problem can be solved by the transportation technique. 


11.5 SOLVING AN ASSIGNMENT PROBLEM 
BY ENUMERATION 


"The assignment problem, if time and money are assumed to be unlimited, 
can also be solved by first enumerating all possible assignments and then 
choosing the least-cost assignment. For example, there are six possible 
assignments for the problem of Table 11.4.* These assignments, 
along with their respective total costs, are listed in Table 11.7. Obvi- 


Table 11.7 


Assignment. 


MÀ 


"Total cost, dollars 


— 


1 | 0D, 0:Ds, O;D; | 20 + 18 + 12 = 50 
2 | OD, OiDi, OiDs | 20 + 16 + 16 = 52 
3 | O:Ds, O2D1, OiDi | 27 + 10 +12 = 49 
4 | 0:Ds, O;Ds, O;Di | 27 + 16 +14 = 57 
5 | O:Ds, 0:D2, OjDi | 30 4-18 + 14 = 62 
6 | 01D, O;Di, OiDs | 30 + 10 +16 = 5 


g 2, b 
, ? 
ously assignment 3, with a total cost of $49, is the least, cost or optimal 


Needless to say, we are not seriously advocating the solution of assigh- 
ment problems by enumeration. The reader has only to think of a 
10 x 10 assignment problem, not to speak of larger dimensions, to 
realize that the solution by enumeration is impractical.t How this 
way of looking at the assignr i d 


x ment method ieni 
Erant matings of 4 i shows us the significance of 


+P ; 3 
En UH oes n having ann Xn payoff matrix, the number of possible 
DUE a sn! Thus, in this case we have 3!, or 6, possible assignments 

e 10!, or 3,628,800, possible assignments in a 10x 10 ec problem. 
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11.6 APPROACH OF THE ASSIGNMENT MODEL 


We are now aware that it is at least theoretically possible to solve a given 
assignment problem by the application of the transportation technique. 
However, a much more efficient method of solving such problems is 
available, This method of solving assignment problems, known as 
Flood’s technique or the Hungarian method of assignment, will be referred 
to as the assignment model or the assignment method. 
3 The assignment method consists of three basie steps. The first step 
involves the derivation of a *total-opportunity-cost" matrix from the 
given payoff matrix of the problem. This is done, as we shall discuss in 
the next section, by (1) subtracting the lowest number of each column of 
the given payoff matrix from all the other numbers in its column and 
(2) subtracting the lowest number of each row of the matrix obtained in 
(1) from all the other numbers in its row. The total-opportunity-cost 
matrix thus:derived will have at least one zero in each row and column. 
Any cell having an entrysof zero in the total-opportunity-cost matrix is 
considered to be a candidate for assignment. The significance of the 


total-opportunity-cost matrix is that it presents some possible assignment 


alternatives in which the opportunity costs of some or all assignments 
may be zero. ` 

The purpose of the second step is to d 
assignment, guided by the total-opportunity: 
1, can be made. This is accomplished, as we sha 
by a simple test. If the test shows that an optima 
total. opportunity cost of zero) can be made, the 
On the other hand, if an optimal assignment cannot be made, we proc 
to step 3. 

The purpose of the third step is to 


Cost matrix in order to derive some 
by which this is accomplished either redistributes the zeros of the current 


total-opportunity-cost matrix or creates one or nore new Zero cells. The 
result is another total-opportunity-cost matrix which enables us to 
find a less costly assignment: In other words, the result of step 3 brings 
US back to the beginning of step 2, and we again search for an optimal 
Solution, "Thus, steps 2 and 3 are repeated as many times as necessary 
to find an optimal solution having & total opportunity cost of zero. 

d The remaining sections of this chapter are devoted to illustrating the 

evelopment and application of the assignment method. 

m involves decision making under certainty, the 
t the total opportunity cost associated with the 


etermine whether an optimal 
-cost matrix derived in step 
1l see in the next section, 
1 assignment (with a 
problem is solved.* 
ced 


revise the current total-opportunity- 
better assignments. The procedure 


* 

a m 80 far as the assignment proble 

ema! assignment must be euch tha 
lution is zero, 
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11.7 DEVELOPMENT OF THE 
ASSIGNMENT METHOD* 


In this section we shall present an intuitive rationale for the various steps 
of the assignment method. A brief description of the mathematical 
foundation of the assignment method will be given in Section 11.11. 

Let us consider again the assignment problem of Table 11.4. The 
relevant cost data are reproduced in Table 11.8. 


Table 11.8 Original Cost 
Matrix 


Machine 


Step1 Determining the Total-opportunity-cost Matrix 

Suppose we arbitrarily choose to assign job O; to machine D The given 
data show that the cost of this assignment is $14. We e daro ea 
this is not the best assignment to machine D, since the assignment of 
job 0; to machine D; would have cost us only $10 while utilizing the same 
full capacity of machine Di. In other words, the decision toil n job 
0; to machine D; involves an opportunity cost of $4 (14 — 10) with 
respect to the lowest cost assignment in column D Similarly, the 
decision to choose job 0, A 


for assignment t; i : 
opportunity cost of $10 (20 — d nt to machine D, would involve an 


* The discussion in this section is b. 

E d on D. W. Mill i 
Decisions and Operations Resea; A 1 er and M. K. Starr, ‘Executive 
N.J., 1980. rch,” chap. 10, Prentice-Hall, Inc., Englewood Cliffs, 
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far can be classified, iri connection with our problem, as a job-opportunity 
cost* or column-opportunity cost. 

It should now be observed that we can also examine alternatives by 
choosing machines (rather than choosing jobs) for assignment to a given 
job. -For example, consider again the matching of job Os and machine 
Di. We can very well assert that since machine D, has been occupied by 
job O;, the opportunity of assigning any other machine to job O; has 
been sacrificed. In particular, this has given rise to what may be called a 
machine-opportunity costt or row-opportunity cost of $2 (14 — 12) with 
respect to the lowest-cost machine. ; 

Thus, in an assignment problem, any match between an origin and a 
destination gives rise to two types of opportunity costs. One is the 


Table 11.10 Machine-opportunity- 


Table 11.9 Job-opportunity- t Matrix 
cos a 


Opportunity cost with respect to the lowest payoff measure in the column 
to which the assignment cell belongs (we have called it job-opportunity 
Cost). The other is the opportunity cost with respect to the lowest payoff 
Measure in the row to which the assignment cell belongs (we have called 
i machine-opportunity cost). It is obyious, in view of the above dis- 
cussion, that a complete job-opportunity-cost matrix (containing job- 
Opportunity costs for each column) can be derived by simply subtracting 
€ lowest entry in each column from all the entries m its column. , For 

© above example, we obtain the job-opportunity-cost matrix in Table 
Similarly, to arrive at & complete machine-opportunity-cost 
matrix, the lowest entry in each row is subtracted from all the entries in 
“8 Tow, Thus, for our example, we obtain the machine-opportunity- 
Cost matrix in Table 11.10. : eit 
us € total-opportunity-cost matrix can obviously be obtained by adding 
Re Job-opportunity-cost matrix to the machine-opportunity-cost matrix. 


` P. 283. 


T Ibia 
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Thus, for our example, we have the total-opportunity-cost matrix of 
Table 11.11 (Table 11.9 plus Table 11.10). The total opportunity cost, 
in this form, gives us only two assignments (O, to D; and O; to D;) in 
which the total opportunity costs are zero. But it will be recalled that 
we can be confident about having decided on a complete optimal solution 
only when the total opportunity costs of all the assignments are zero. 
This is possible only when each row and column has at least one zero cell. 
For example, if, in Table 11.11, cell O1D» contained a zero, a complete 
optimal assignment could have been made. 

It should be emphasized that total opportunity cost is a relative con- 
cept. When we make a particular assignment which gives rise to a total 
opportunity cost of zero, we can be sure that this assignment is “rela- 


Table 11.12 Revised 


Total-opportunity- 
cost Matrix 


Table 11.11 Total-opportunity- 
cost Matrix 


tively” best. Thus, we can an 
tudes of the entries in the tota. 
zeros. By subtracting the low 


d should manipulate the relative magni- 
Lopportunity-cost matrix in a search for 
z est entry (10) in row 1 from all the entries 
AT 1 o Table 11.11 and then subtracting the lowest entry in column 
EAE a E entries in column 2, we obtain the total-opportunity-cost 

x in Table 11.12. The new total-opportunity-cost matrix has four 


with a total opportunity cost of 10 
hice O:D3, O2D2, with a total opportunity cost of 6 
ape O:D:, OxD;, with a total opportunity cost of 18 
2D, O;Ds, O1D;, with a total Opportunity cost of 4 
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e ve quud another total-opportunity-cost matrix, either by 
iio e ting e current zeros or by creating one or more new zero cells. 
s Bie e: 5 in. ne 3 below. 
f the total-opportunity-cost matrix in Table 11.1 

d that cells O:D1, OD, OsD2, and OD; are zero cells. We as 
cid m at an equivalent iotal-opportunity-cost matrix in which the 
ae Is fall at the same spots by a shorter'route than that taken in the 
M Hs of Table 11.12. The derivation of the total-opportunity-cost 
jm y the shorter method involves only two sets of subtractions. 

, we obtain a job-opportunity-cost matrix by subtracting the lowest 


e i E : 
ntry in each column of the original cost matrix from all the entries in its 


-cost Matrix 


Total-opportunity- 
cost matrix 


T 
able 11.13 Derivation of the Total-opportunity 


Oni iginal 
Job-opportunity- 
Cost matrix E A Ed 


cost matrix 


ch row of this derived 
tsrow. The result is 
Notice that the total- 
tially equivalent to the 
In summary, then, the 
blem can easily be 


Sume. Then we subtract the lowest entry in ea 
Kueepportuniiyeo matrix from all the entries in 1 
E otal-opportunity-cost matrix in Table 11:18: 
A eae matrix of Table 11.18 is essen 
"m -opportunity-cost matrix of Table 1191225 

al-opportunity-cost matrix for any assignment pro 


Obtained in the following manner: 


l. Subtract the lowest entry ip each column of the given payoff matrix 
from all the entries in its column. TR 
Subtract the lowest entry in each row of the matrix obtained in (1) 


from all the numbers in its row. 


2, 


` 
Ni 4 T 
1 Vote that the zero cells in the total-opportunity-cost matrices of Tables 11.12 and 


13 F a 
are in exactly the same positions: 
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Step2 Determining Whether an Optimal Assignment Can 
Be Made 


An optimal assigament in this problem (guided by the UC HUE 
cost matrix of step 1) can always be made if we can locate three zero cells 
in the total-opportunity-cost matrix such that a complete assignment to 
these cells van be made with a total opportunity cost of zero. This can 
happen only when no two such zero cells are in the same row or column, 
regardless of the number of zero cells in the total-opportunity-cost matrix. 
Thus, of the four zero cells in the total-opportunity-cost matrix of Table 
11.18, only two zero cells are “useful” for the purpose of obtaining an 
optimal assignment. On the other hand, if we had an additional zero, 
say in cell 01D», we could locate a set of three zero cells such that an 
optimal assignment (with a total opportunity cost of zero) could be made. 

Based on the above discussion, a simple test has been devised to deter- 
mine whether an optimal assignment can be madc. 
and counting the minimum number of horizonta 
necessary to cover ull the zero cells in the total-opportunity-cost matrix. 
If the number of lines equals either the number of rows or the number 
of columns, an optimal assignment can be made, and the problem is 
Solved. On the other hand, if the minimum number of lines needed to 
cover all the zero cells is less than the number of rows, an optimal avsign- 
ment cannot be made, and ‘it is necessary to construet a revised total- 
opportunity-cost matrix, 

An application of the above test to the total- 
of Table 11.13 shows that an optimal assignment cannot be made at this 
stage. It takes only two lin 


It consists in drawing 
il and vertical lines 


Step 3 Revising the Current Total-opportunity-cost Matrix 


€ test of step 2, the cells of 
classified into two 
ered by the lines, 
red by the lines, 


the total-oppor- 
categories: (1) the covered 
and (2) the uncovered cells, 
The presence of more than 
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matrix may be interpreted to mean that the relative opportunity costs of 
some of the cells are wrong.* In order to correct this situation, we must 
obtain a set of three independent zero cells by revising the current total- 
opportunity-cost matrix. The result of the revision, therefore, must be 
such that either one of the zeros of the current total-opportunity-cost 
matrix (Table 11.13) is transferred to one of the uncovered nonzero cells 
or a new zero appears in one of the uncovered nonzero cells. Since cell 
OD; has the lowest opportunity cost of the uncovered nonzero cells, we 
would, intuitively, want this cell to emerge as a new zero cell. The 
procedure for accomplishing this consists in} (1) subtracting the lowest 
entry in the uncovered cells of the total-opportunity-cost matrix from all 


Table 11.14a Current Table 11.146 Revised e 
1 Total-opportunity- Total-opportunity- 
cost Matrix cost Matrix 


Covering line 2 


those 
the uncovered cells and (2) adding the same lowest entry to only 
cells in which the covering lines of step 2 cross. $ 
In our example, the lowest entry in the pacove ee ARTE 
Opportunity-cost matrix (Table 11.13) is 1 (cell en Sh (0019 bass 
Tom all the uncovered cells, and adding it to only those ja Mod 
Cell 0,D;) in which the covering lines of step 2 PE Td URDU 
total-opportunity-cost matrix (see Table 11.140). 7 P ie eu 
lest or Step 2 to the revised total-opportunity-cost matri cna il 
Minimum number of lines needed to cover all the zeros 18 3. 
v i isi aking under certainty, 
We kn. A t problem involves decision m g r 
and UN E Lau P 22 one strategy (assignment) involving a total 
Pportuni , : 
wi S CRAS ie this propedure is imbedded in the mathematical theorems which 
D dece e MA it e the largest number of zeros 
# Each line must be drawn in such a manner that it covers the larges 
© matrix, 


j 
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number of rows of this matrix is also 3, an optimal assignment can be 
made. 

Once it is established that an optimal assignment can be made, we 
search for a row or column in which therë is only one zero cel! ‘The 
first assignment is made to that zero cell, and the row and column in 
which this cell lies are crossed out. The remaining rows and columns of 
the matrix are again examined in order to find that row or column in 
which there remains only one zero cell. Another assignment is made, and 
the respective row and column are crossed out. The procedure is 
repeated until a complete assignment has been made. The optimal- 
assignment sequence for our problem is shown in Table 11.15. Since 


Table 11.15a First Table 11.15b Second Table 11.15c Third 
i Assign- Assign- 
ment ment 


cell 0;D; is the only zero cell in 
to cell O 


column 2D, 
3D; and cross out row O; and column D; 


we make the first assignment 


0 In the reduced matrix, 
we note that cell 0,Dzis the only zero cell in column Ds. Hence, we make 
* , 


the second assignment to cell OD: and cr 
? oss out row O, and column D2: 
This leaves only one zero cell open (cell 02D,), and eaa the third 


assignment is made to that cell, i i 
a, ell. Thus, we have the following optimal 


Assign job O; to machine D; 
Assign job O; to machine D, 
Assign job O; to machine D; 


d Hs e cost associated with this optimal assignment is of 
; Zero; € total cost of this assi i i 
from the original cost matrix, is $49 fee cin ts A aia 
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11.8 PROCEDURE SUMMARY FOR THE 
ASSIGNMENT METHOD (MINIMIZATION CASE) 


‘Step 1 Determine the Total-opportunity-cost Matrix 


a. Arrive at à column-opportunity-cost matrix by subtracting the lowest 
entry of each column of the given payoff matrix from all the entries 
in its column. 

b. Then subtract the lowest entry of each row of the matrix obtained in 
(a) from all the entries in its row. 


The result of step 1b gives the total-opportunity-cost matrix. 


Step 2 Determine Whether an Optimal Assignment 
Can Be Made 


a. Cover all the zeros of the current total-opportunity-cost matrix with 
-the minimun possible number of horizontal and vertical lines. 

b. If the number of lines drawn in step 2a equals the number of rows 

(or columns) of the matrix, the problem can be solved. Make a 

. complete assignment so that the total opportunity cost involved in the 

assignment is zero. 
c. If the number of lines drawn in step 
(or columns) of the matrix, proceed to step 3. 


2a is less than the number of rows 


Step 3 Revise the Total-opportunity-cost Matrix 


a. Subtract the lowest entry in the uncovered cells of the current total- 


i i d cells. 
opportunity-cost matrix from all the uncovered ar : 
b. Add the ARE lowest entry to only those cells in which the covering 


lines of step 2 cross. 

The result of steps 3a and 3b is a revised total-opportunity-cost matrix. 
Step 4- 

Repeat steps 2 and 3 until an optimal assignment having a total oppor- 
tunity cost of zero can be made. 


11.9 THE ASSIGNMENT METHOD 
(MAXIMIZATION CASE) 


Except for one transformation, an assignment problem in which the 
Objective is to maximize the total payoff measure can be solved by the 
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assignment algorithm pres:nted above. The transformation involves 
subtracting all the entries of the original payoff matrix from the highest 
entry of the original payoff matrix. The transformed entries give us the 
"relative costs," and the problem then becomes a minimization problem. 
Once the optimal assignment for this transformed minimization problem 
has been identified, the total value of the original payoff measure can be 


found by adding the individual original entries for those cells to which 
the assignments have been made. 


11.10 ALTERNATIVE SCLUTIONS 


After haying established the fact that an 


optimal solution for an assign- 
ment problem exists, we may find 


that the number and positions of vie 


Table 11.16 Original Cost Matrix 


à pportunity-cost matrix are such t than 
one optimal assignment can be made. hat more 


The presence of alternative 


. By subtracting the lowest entry in each 


total-o tuni: ] 
the sense that we know that eee E PORE Table 1 


is matrix can uide 1 
ot be revised. E Sots making 


1.145. It is “final” in 
an optimal assignment, 


D 
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its column (step 1a), we obtain the job-opportunity-cost matrix (see Table 
11.17). Inthis particular problem, the job-opportunity-cost matrixisalso 
the total-opportunity-cost matrix. When we subtracted the lowest entry 
in each column from all the entries in its column, we obtained a zero cell 
in each row of the matrix. Thus, if we now subtract the lowest entry in 
each row from all the entries in its row (step 1), the matrix will not be 
changed. Hence, the matrix of Table 11.17 is indeed the total-oppor- 
tunity-cost matrix. 

Next, we must draw the minimum number of horizontal and vertical 
lines needed to cover all the zeros of the total-opportunity-cost matrix 
(step 2). The particular sequence in which these lines must be drawn in 


Table 11.17 


Our example is shown in Table 11.18.* Since we need only four lines to 
Cover all the zeros of the total-opportunity-cost matrix, whereas the 
number of rows in the matrix is 5, an optimal assignment cannot be made 
at this stage. : 

The ce step is to revise this total-opportunity-cost matrix by the 
application of step 3 of the assignment algorithm. An examination of the 
uncovered cells of the current total-opportunity-cost matrix (Table 11.18) 
indicates that the smallest entry in an uncovered cell is 2. We therefore 
Subtract 2 from all the uncovered cells and add 2 to only those cells in 
Which the covering lines cross (01):, OiDs, 0201, and 0:03). Thus, 
the revised total-opportunity-cost matrix in Table 11.19 is obtained. 
An attempt to draw lines to cover the zeros of the matrix shows that a 


“Line 4 could have been drawn to cover column D; rather than row Os, This, how- 
ever, would have made no difference in the result of this step. 
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minimum number of 5 lines is required. The number of rows in the 


matrix is also 5; so we conclude that an optimal assignment can now be 
made. 


Table 11.18 Application of Step 2 


Covering line 1 


Covering line 4 


Covering line 3 Covering line 2 
Table 11.19 Revised 


Total-opportunity- 
cost Matrix 


An examination of the rows 
shows that there is onl 


and columns of the 
> Only one row (row 0, ining a single zero cell. 
Hence, the first assignment is made to this cel] (01D.). This means that 
row O; and column D; can be deleted é 


matrix in Table 11.19 
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shows that there is no row or column in which there is only one zero cell. 
This fact, as we mentioned earlier, indicates the presence of alternative 
solutions in an assignment problem. 

Let us arbitrarily make the second assignment to cell 0:Ds. Then the 
Temaining three assignments may be made in this order: third assignment 
to cell OsD,, fourth assignment to cell O.D,, and fifth assignment to cell 
OsDs. On the other hand, if the second assignment had been made to, 
Say, cell O;D,, the remaining three assignments would have been to cells 
O;D; O,D; and OD. The total costs of these alternative optimal 


Table 11.20 


assignments are, of course, the same ($20). The two alternative optimal 


assignments are given below: 
First optimal assignment: 


Assign 0: to Dz 
ign Or to Ds 
Assign O; to Dı 
Assign 0; to Da 
Sign 0; to Ds 


Second optimal assignment: 


Assign Os to D: 
Sign O; to D; 
Ssign O; to Ds 
Sign [o7 to Ds 
ign O, to D, 
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A little reflection will show that, for the assignment problem under con- 
sideration, there are many more alternative solutions. 


11.11 MATHEMATICAL FOUNDATION 
OF THE ASSIGNMENT ALGORITHM 

/ 
The foundation of the assignment algorithm is provided by (1) a mathe- 
matical theorem proved by the Hungarian mathematician Konig and (2) 
a statement of a certain matrix property.* 

The theorem states: If the elements of a matriz are divided into two 
classes by a property R, then the minimum number of lines that contain all 
the elements with the property R is equal to the maximum number of elements 

, with the property R, with no two on the same line. 

The particular matrix property is: Given a cost matriz A = [a;;], if we 
form another matriz B = [b;], where bi; = ay — u; — v;, and where u; and v; 
are arbitrary constants, the solution of A is identical with that of B. 

In order to clarify the relationship of the solution Stages, based on the 
above-mentioned theorem and matrix property, to the corresponding 


steps of the assignment algorithm, we shall solve the problem of Table 
11.4 by these two approaches, 


Solution by the 
Assignment 
Algorithm 


Solution Based on 
the Konig Theorem 
and the Matrix Property 


Original cost matriz 


Original cost matriz 


r "Introductio; 


h,” 
s, Ine., New York, 1957, n to Operations Research, 
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Step I 


a. Subtract the lowest entry in 
each column of the original cost 
matrix from all the entries in its 
column. The above matrix be- 
comes 


b: Subtract the lowest entry in 
each row of the matrix obtained 
Ìn step 1a from all the entries 
ìn its row. The above matrix 
‘comes 
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Step I 


a. Transform the given payoff 
matrix by the relationship b; = 
a; — u —v. In particular, let 


u,9 = u,9 = us = 0, and 
let v,9 = 10, v2 = 16, and 
o9 = 12.* Then, 


ansform the matrix derived 
e relationship bj; = 
bg — Us — V In particular, let 
wy = 10, u? = 0, us’? = 0, 
and n? = nO = v = 0. 


b. Tr 
above by thi 
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Step 2 I 


Cover all the zeros of the total- 
opportunity-cost matrix with the 
minimum possible number of hori- 
zontal and vertical lines, 

Since only two lines are needed to 
cover all the zeros, whereas the 
number of rows of the matrix is 3, 
the optimal assignment cannot be 
made at this stage, 

Proceed to step 3. 


Step 3 


Subtract the lowest entry in the 
uncovered cells from all the uncoy- 
ered cells, and add it to only those 


——— 


Chap. 11 


Step 2 


An application of the Konig theo- 
rem to this matrix (b;,] shows that, 
since the minimum number of lines 
to cover the zero cells is 2, the 
maximum number of “real” zero 
cells is also 2. However, we need 
three real zero cells to make an 
optimal assignment. Hence, the 
above matrix must be further 
transformed. Noté that the so- 
called "property R" in the theorem 
corresponds to a tota] opportunity 
Cost of zero in a given cell. 


Step 3 


Transform the previous matrix 
B' = [bi] by the relationship b;; = 
bi = uu; In particular, let 
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@) = = 
a % 1, u,O = 1, us = 0, and 
et i = —1, v:® = 0, and v3 
— 0. Then, 


cells in which the covering lines of 
Step 2 cross. The matrix of step 
1b becomes 


EET 
Mogg 
Step 4 


An application of the Konig theo- 


Step 4 


Since it takes a minimum of three 


lines to cover all the zero cells of 
the above total-opportunity-cost 
matrix and the number of rows is 
Also 3, an optimal assignment 
having a total opportunity cost of 
Zero can be made. The optimal 
assignment is Oz to Dı, 0; to Ds, 
and O; to Ds. 


rem to this matrix [bij] shows that, 
since the minimum number of lines 
needed to cover the zero cells is 3, 
the maximum number of real zero 
cells is also 3. Hence, an optimal 
assignment can be made. The 
optimal assignment is Oz to*Di, 
0; to Ds, and 0 to Ds. 


Step-by-step comparison of the two approaches for solving an assign- 
ment problem shows that the assignment algorithm, ‘in essence, repeatedly 
applies-the Konig theorem to the given payoff matrix until a set of inde- 
Pendent zeros is discovered. It is hoped that the comparison of the two 
Approaches will give the reader a thorough understanding of the assign- 
ment algorithm. 

It may be of interest to point out that the u,’s and v/'s of the mathe- 
NES theorem are the dual variables of the corresponding primal 
b Signment problem. They also correspond to the row and column num- 

ers of the transportation technique. 


The Meaning appendix 
of Linearity | 


In order to grasp the nature of linear-programming problems, one must be 
familiar with such terms as variables, functions, and linear equations. 
An attempt will be made in the following paragraphs to give some 
“tangible” meaning to these terms. 


I.1 CONSTANTS, DEPENDENT VARIABLES, 
INDEPENDENT VARIABLES 


Suppose that an industrial worker has a wage rate of $2 per hour. Then, 
if he works 40 hours in a particular week, his total earnings for that weck 
are $80 (2 X 40). During some other week he may have worked for a 
total of only 30 hours, in which case he would have earned $60. In any 
case, his total earnings for a particular week, assuming no overtime, can 


always be calculated as follows: 
Total earnings = 2 X number of hours worked 
Tf we let 


h = number of hours worked 
T = total earnings 
then 


T = 2h 
241 


i Wi 
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is the relationship between this worker's total earnings and the number 
s worked. 

i: S NN another worker might have a wage rate of $4 per hour; for 
him, the equation 7 = 4h would hold. "Briefly, if the number of hours 
worked were the only criterion for wage payment, we could say that 
T — Kh, where K is a constant, for a particular worker or for a particular 
class of workers, to be determined in a specific situation. 

In this simple illustration we note two kinds of mathematical quantities. 
One type (the quantity 2 in this example) remains fired. The other 
type, exemplified by T and A, is allowed to vary. The quantity K which 
remains fixed for a given problem is called a constant. Since such con- 
stants are arbitrarily assigned or determined to reflect the situation at 
hand and can change in value from problem to problem, they are some- 
times called arbitrary constants or parameters. 
mathematical constants such as e or T, 
from problem to problem 


: ; are called variables. Further, since 
the value of T is dependent on h and is determined by assigning a value 


pendent variable, while h ig called an independent 


variable, 


1.2 THE CONCEPT OF 4 FUNCTION 


A function is a rule which relates di 
above was determined by h can al 
T = f(h), which reads, “To: 
Tt does not mean that T is 

The total earnings of oy 
one independent variable, 
more than one independent 
ent variable, For example 
product, profit is determi: 


fierent variables, The fact that n 
So be represented by the notation 


tal earnings are & function of hours worked.” 
equal to f times h. 


r industria] worker 
namely, h. In so 
variable determinin, 
; for a com 


were determined by only 
me cases, there may be 


P. = f(n, r, c) 
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where p = total profit, dollars 
n = number of units sold, physical units 
r = revenue per unit, dollars 


c = cost per unit, dollars 
The above equation reads: “Total profit is a function of n, r, and c." 

This functional notation is meant to give the "generalized" idea that 
certain variables are somehow related. An explicit statement of equality 
among the variables will “particularize” the relationship. Thus, in our 
earlier example, the equation 7 = 2h particularized the functional rela- 
tionship T = f(h). In other words, a rule of correspondence between h 
and 7 was given. Thus a function is sometimes defined as a rule of 
correspondence among variables. 

As mentioned earlier, once a function is particularized it establishes an 
equality between different quantities on opposite sides of an equal-sign. 
Therefore, an equation is essentially a statement of equality between 
different quantities. But an equation is true only for certain values of the 
independent variables. For example, the equation y — 2 = 9 is true 
only if the variable y assumes a value of 11. On the other hand, the 
equation 4(x + y) = 4x + 4y, involving the two variables z and y, 
holds for all possible values of v and y. An equation which is true for all 
Possible values of the variables is called an identity. 


1.8 DOMAIN AND RANGE 


Let us go back to our original example. The worker may be employed 
ina factory in which overtime work is never permitted. Obviously, his 
Weekly working hours can vary only from a minimum of zero hours to à 
maximum of 40 hours. In other words, À can only assume one of the 
following values: 


h=0,1,2,...,40 


The possible values that the independent variable h can assume are said 
© comprise the range of the independent variable and the domain of the 
unction. 

Corresponding to each of the possible values of h, the dependent 


Variable 77 takes the following values: 


P=Q2,4,...,80 
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The possible values that the dependent variable 7 may take are said to 
comprise the range of the dependent variable or the range of the function. 


I.4 SINGLE-VALUED VERSUS 
MULTIPLE-VALUED FUNCTIONS 


function such as this (BL 


On the other hand, in the equation of a circle with center at the origin 
(z? +y = 1#), for a give 


n radius r (say 2 feet), we note a functional 
relation of the form y = f(x, r) which is not single-valued. In particular, 
here, 


y-p-atm]ang 
or 


U= VA 
Particular value of 2, the variable y assumes two 


i ) function, then, is a multiple-valued function of v. 
When working with multiple-valued i 


applicable to th 
gramming problems we deal with sin 


I.5 LINEAR EQUATIONS 


A linear equation is a relationship betwe 
reduved to its simplest form, the sum of th 
any one term adds up to 1, 
equation relating 


en quantities in which, when 
€ exponents of the variables i! 
, For example, y = 4+ 2X is a linear 
the variables X and Y. Whenwe say that the relation- 
ship between, Say, two variables x and Y is linear, we mean that addi- 
tions of the same magnitude to the one have a constant effect on the 
other. If we assume XY to be the independent and Y the dependent 
seeks, the value of Y is determined by the value assigned to e taken 
by X. Thus, we say that Y is a function of x The rife state- 
ment represented by the notation y = KX) Sinise that Y is a function 
of X but does not give any information about th t relationship 
between X and Y. On the other hand, Y = f(X) T ROCHE which is 5 
TX L 
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linear relationship, is a complete statement of the relationship betweva 
X and Y. 

Further discussion of linear equations is presented in the following 
examples. 


Example 1 


The equation X = 5 is a linear equation. Notice that X is the only 
variable in this equation, and its exponent is 1. The relationship 


Figure I.1 Representation of the linear equation X = 5 as a point. 


=5and X = —3as 


Figure I.2 Representation of the linear equations X 
lines, 


X — 5, if considered in only one direction, represents à point on the X 
axis of the traditional XY plane (see Figure Ll) This point can be 
Plotted by moving 5 units to the right of the origin O. The same equation 
(x = 5), if considered in a two-dimensional space, becomes a straight 
line. ‘This straight line is obtained by first plotting a point which is 5 
Units to the right of the origin O and then drawing a line through this 
Point parallel to the Y axis (see Figure L2). Similarly, X = —9 is 
another linear equation which can be plotted either as a point, by moving 
3 units to the left of the origin O, or as 8 line parallel to the Y axis passing 


through the point X = —3 
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Example 2 


Now consider a linear equation of the form Y = a + bX, which is a 
relationship in two dimensions—horizontal and vertical, Traditionally, 
Y is plotted in the vertical direction, and X, as before, is plotted in the 
horizontal direction (see Figure I.3). In this case, a and b ure constants 
whose values are to be assigned. Let us examine the following equations 
of the general form Y = a + bX: 


Y =4+2X 


(1) 
Y = —4 + 2X (2) 
Y-4—2X (3) 
Y = —4 — 2X (4) 
Y = 2X (5) 
Y = —2X (6) 
Y=4 (7) 
Y = —4 (8) 


These equations are plotted in Figure I.3. 
relationship, when plotted on the XY pla 
Further, in each case the variable Y takes 


Tn each case the graph of the 
ne, becomes a Straight line. 
on a certain value when the 


Y-2x Y--442X 


Y--2x Y=4-2x 
Figure 1,3 
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variable X is zero. In Equation (1), for example, when X = 0, Y equals 
4. In Equation (2), on the other hand, when X = 0, Y = —4. Vertical 
distances such as 4 and —4, obtained by letting X equal zero in equations 
of the form Y = a + bX, are called Y intercepts. The coefficient of X 
in Equations (1) and (2) is the quantity +2. This coefficient. is called 
the slope of the equation. Briefly, the slope represents a rate. Here, in 
Equation (1), the slope --2 means that, for every unit of change in the 
variable X, the variable Y changes by 2 units in the same direction. 

In Equation (3), on the other hand, since the slope is —2, the variable 
Y changes by 2 units for every unit of change in the variable X, but its 
direction of change is opposite the direction of change of X. Thus, if the 
coefficient of X in an equation of the form Y = a + bX is a positive 


Table I.1 


X| Y =4 42X |Y = —4 +2X |Y =4—2X |Y = 4 —2X Y =.2X |Y = —2X 


ive slope, and changes in the variables 
By the same token, a negative coeffi- 
cient of X indicates a negative slope; changes in the variables take place in 
Opposite directions. Table I.1 gives the changes in the variable Y cor- 
responding to changes in the variable X for Equations (1) through (6). 
The relationship Y = a + bX is called the slope-intercept form of a 
linear equation; a is the Y intercept, and b is the slope. 


quantity, the equation has a posit 
take place in the same direction. 


Example 8 
Oth i :ans are those in which more than two variables 
CEP E E the data in Table I.2 for a manufac- 


are related. For example, assume 
turing departmént producing three products 24 ,Y,andZ. The problem 
ere may be to choose a particular combination of the products X, Y, 


and Z to imi rofit contribution. However, assuming that the 
°ptimal (Di e d A products is such that the available capacities of 
Machines 1 and 2 will be fully utilized, we can write the following 


“quations: 
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For machine 1: 


2X + 2Y + 3Z = 100 


For machine 2: 
9X + 3Y + 4Z = 120 


Each of the above equations is a three-dimensional linear equation. Any 


three-dimensional linear equation, if graphed, will yield a plane. Notice 


Table I.2 


Hours required to 


Machine produce product Machine capacity per 


time period, hours 


1 


2 


Profit contribution per unit 


that in both the above equations the sum of the exponents of the variables 
in any one term is 1. So far we have discussed linear relationships in 
spaces involving not more than three dimensions, The idea can of course 
be extended to more than three dimensions, although actual graphing is 
not possible in such cases. For example, a linear equation involving 
more than three variables will give rise to what we call a hyperplane. 


6 TESTS FOR LINEARITY OF A FUNCTION 


In linear-programming problems the objective function must be a linear 
function. In general, any first-deeree polynomial such as 


IX) = aXi-c aX +- + aX, 


is a linear function involving n dimensions. The mathematical test for 
the linearity of a given function J(X) is the satisfaction of the following 
two conditions:* 


* John G. Kemeny, J. Laurie Snell, and G. L, Thomson, “Finite Mathematics,” p. 233, 
Prentiee-Hali, Inc., Englewood Cliffs, N.J., 1957. 
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Condition 1 


Multiplying each variable in the linear function by a constant k gives the 
same result as multiplying the functional value by k: 


SEX) = kf(X) 
Suppose that f(X) represents a profit function of the form 
Profit = f(X) = 10X; + 15X: + 20X; 


where X;, X;, and X; represent a given product mix. Then condition 1 
says that a k-fold increase in the current output (in exactly the same 
proportion) will result in increasing the current profit k times. 


Condition 2 


If there are two separate programs for a given problem whose profit 
functions are represented by f(X1) and f(X;), then these values are 
additive: 


KX) + f(X3) = fX + X) 


The above condition simply means that two separate program structures, 
considered separately or together, will have additive effects on the objec- 


tive function. : ‘ ) 
We complete the discussion on linearity by quoting Forrester: 


concept of “superposition” holds. In a linear 


Ali i i ich the e 
inear model is one in whic ts course independently of preceding 


System the response to every disturbance runs its coi 
or succeeding inputs to the system; the total result is no more nor less than the sum 


Of the separate components of system response. ‘The response ES qoum ys 
Pendent of when the input occurs in the case of a linear system witl come rà te ki 
Cients (not for a linear system having time-varying eas ae y «a SE 
Sustained oscillations can exist in an actual linear system; an oscillation de " 
is not bounded and must become explosively larger. These are not descriptions 
Teal industrial and economic systems. . - - 

Iw, Forrester, “Industrial Dynamics,” p. 50, The M.I.T. Press, Cambridge, Mass., 
and John Wiley & Sons, Inc., New York, 1961. 


appendix A Note on 


I I Inequalities 


The technical specifications of linear-programming problems can usually 
be translated into linear inequalities, For example, consider the data 
in Table II.1 for a linear-programming problem, The objective function 


Table II.1 


Hours required to 


Machine produce product Machine capacity per 
time period, hours 
———— 
i 100 


Profit contribution per unit 


to be maximized in this problem is obviously 


10X + 15Y + 207 


Relating the technical Specifications of the 
capacities of the resources, we can write the fo 


Problem to the available 
lowing equations: 


For machine 1: 


2X + 2¥ + 4Z = 100 a) 
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For machine 2: 
3X + 4Y + 6Z = 120 (2) 


Equations (1) and (2) will hold only if a program can be designed such 
that the available capacities of the two machines are fully utilized, In 
other words, products X, Y, and Z must be produced in such quantities 
that exactly 100 hours on machine 1 and exactly 120 hours on machine 2 
are utilized. This complete utilization of available resources may not 
always be possible, for our objective of maximizing profit contribution, 
in this case, may dictate the manufacture of such quantities of the 
products X, Y, and Z that a portion of the available resources need not be 
utilized. Of csurse we can never utilize more than 100 hours on machine 
1 and 120 hours on machine 2, since these numbers represent the upper 
limits of the available capacities of the two machines. 

In view of the above discussion, a more realistic way of stating this 
problem would be to say that X, Y, and Z must be produced in such 
Auantities “that machine utilization is less than or equal to the available 
capacities.” Thus, the technical specifications of this problem can be 
translated into the statements of inequalities given below: 


For machine 1: 

2X + 2Y + 47 < 100 A 
For machine 2: 

3X + 4Y + 6Z < 120 


The Symbol < is used to denote an inequality of the “less than or equal 


to” type : $ 
In another situation, a person may stipulate that one of his require- 


Tents for accepting a new job is that the salary be greater than or equal 
to $8,000 per year. This is a statement of inequality which can be 


represented as follows: 


. 


Required salary > $8,000 


In Particular, the following inequality signs are used in formulating 
: , PRAS 
"“lationships between different quantities: 
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Symbol Reads 

> Greater than 

> Greater than or equal to 
< Less than 

< Less than or equal to 


The rules for manipulating equalities and those for inequalities are the 
same, except for the following exceptions, which hold only for inequalities: 


1. -If both sides of an inequality are multiplied by the same negative 
quantity, the inequality sign changes direction, 


Example , 
—A< —3 
But 


(—1)(—4) > (-1)(-3) 


That is, 
4>3 
2. If both sides of an inequality are divided by the same negative 
quantity, the inequality sign changes direction, 
Ezample 
—4 < —3 
But 
E 
or 
4>3 


E m dpt: Lm a ee view of the data in Table IT.1 necessitated the 
qualities rather than e i i- 
TER RA quations to represent the problem speci 


icatioi r inequalities are often employed to represent business 
situations, and, in general, restrictions of various ee are usually 
expreased by inequalities, 


m 


A System / appendix 


of Linear Equations 
Having a ‘ I I I 


Unique Solution 


Solve for Xi, Xs, and X; in the following set of lincar equations: 

X; +2NX,=4 

Xi +X, =5 Á a) 
1X, + 3X, + Xs 


The above equations can be transforme! 


Ir 


2 


d into matrix notation as 


follows: 
AX =p 2 
where 
102 Xi : 
l= TOT] X-2]|.Xs es 
4 5 1 Xs : 
The determinant of A is 
v [102 
pes 11 0|-2auCu- aiiis + abis 
FE 
"iH j| +0ce+2|4 ; 
SPO ST s 
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Since the determinant has a nonzero value, a unique solution exists (see 
Figure III.1). To obtain this solution, premultiply (2) by the inverse of 


A system of n equations having n unknowns 
(Right-hand sides of the equations. 
forming a constant column vector) 


Evaluate the determinant of 
the matrix formed by the 
left-hand sides of tne 


equations 


Determinant is nonzero Determinant is zero . 
A unique Form new matrices by 
solution _ replacing each of the 


exists columns, one at a time, 


of the original matrix by 
the constant column 


Determinant of each Determinant of at least 
new matrix is nonzero one new matrix is zero 
No solution exists An infinite number 

of solutions exist 


Figure III.1 


A. Then 
AAX = 4-1p 
or 

IX = A-1p 

or 


where 


Cu 
Asay [Cs 


Thus, y, — 


—30, X; = 35, and X; = 
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Cun Cay 1 6 -2 
C» Cro} =| —-1 —7 2 
Cos Cai -1 -3 1 
St 8 9 

As _ Aadi _ C | 
SES 1 7 —2 
1 3 —1 


17. These values of X;, X;, and 


? l'épresent a unique solution to the original system of linear equations. 


appendix A System 


IV j of Lirear Equations 


Having No Solution 


Solve for X;, X», and X; in the following set of linear equations: 


2X +2X;=4 (1) 
Xi +X. -95 (2) 
DiGi aps X 0) (3) 


The above equations can be transformed into matrix notation as 
follows: 


AX =P Qe 


where 


Py er) X, 4 
A-|11 0 X=|X, P-|65 
4 3 1 X; 2 


The determinant of A is 


2 0 2| 
(Al PT di DUNT ca, A 
4 3 1| 
ote aD 1 1| 
2 {| #0Cu 2| " } 
= 2(1) +0 + 28 —4) =9 
256 
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Since the determinant is zero, no unique solution exists. In order to 
determine whether the system has no solution or an infinite number of 
solutions, we form a new matrix A’ by replacing the third column of A 
with the constant column P.* Thus, 


2 0 4 
A’=/1 1 5 
AS N2 


The determinant of A’ is 


20:4! 
IER EST = aC + 03935 + 01335 
4 3 2| 
qud 
=2|} 5 +oca+ali 3 
= =26 — 4 = —80 


The determinant of the new matrix A’ is nonzero. Similarly, the matrices 
formed by replacing, respectively, the first and the second column of A, 
by the constant column, will have nonzero determinants. Hence the 
Original system of equations has no solution. X 

To illustrate this, we first solve for X; and Xs from (1) and (2), in 
terms of X, From Equation (1), 


X= 4(4 — ox, = 2— Xs (6) 


Substituting (5) in Equation (2), 
0 x,-5-@-X) -3-- Xs č 


B to solve for X, and X;, in terms of Xa, from Equations (2) and 
' WC Proceed as follows: Multiplying Equation (2) by 3, we obtain 


3X, 4. 3X, = 15 > 
S : 
Ubtracting (7) from (3), 


Bae a x : (8) 


» 8 f 
ee Figure II.. 
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Substituting (8) in (2), 
Xr,=5-—Xi=5 — (—13 — X3) = 18 + X; (9) 
Clearly, the values of X, and X; in (5) and (6) do not agree with the 


values of X; and X; in (8) and (9), Hence, the original system of equa- 
tions is inconsistent and has no solution. 


A System appendix 
of Linear Equations V 
Having an Infinite 

Number of Solutions 


Solve for X;, X;, and X; in the following set of linear equations: 


2X, 42X,—4 (1) 
Xi +X, =2 (2) 
4X,--3X;4- X — 8 (3) 


The above equations can be transformed into matrix notation as 
follows: 


AX =p (4) 


The determinant of A is 


20 2 
ELLO 
431 


l4| = 


E 
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Since the determinant is zero, no unique solution exists. In order to 
determine whether the system has no solution or an infinite number of 
solutions, we form a new matrix A’ by replacing the first column of A 
with the constant column P.* Thus, ] 


402 
A’=|2 1 0 
8 3 1 


The determinant of A’ is 


40 2 
TH —|2 1 0| = any + aCi + auli 
me 18 8. 1 


10 2 1 
-4|t 2| 4 oc +2]? A 
= 4(1)+0+2(6-8) =4-4=0 


Since the determinant of A’ is zero, the original system of equations has 
an infinite number of solutions. 

To illustrate this, we examine the original matrix A for some 2 X 2 
submatrix whose determinant is nonzero.[ Any 2 X 2 submatrix in 4 


has a nonzero determinant. Let us consider the submatrix l ?] which 
is associated with X; and X, in Equations (1) and (2). We treat X; 85 
& constant, transfer it to the right-hand side of Equation (1), &nd examine 
the following version of Equations (1) and (2): 


2X; =4—- 2X, (5) 
Xi+ X;=2 (6) 
From (5), 

X,=2-X; (7) 


* Bee Figure III.1. 
1 Having established that |A| = 0, we know that 


3 f 
mi , c at most » — 1, that is, 3 — b ? 
2. or sad B of vectors can be linearly independent. Thus we examine all 2 X ? 
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Substituting (7) in (6), 
X,22—X,-2—(2-X)- Xi ~ (8) 


Now, since X; is treated as a constant, it can equal any number, say C. 
Then ' 

Xi = C 

X; = Xa =C 

Xi -2— Xi -2— C 


Since C can be given any value, the original system of equations has an 
infinite number of solutions. 


Exercises 


The reader is encouraged to go through some of the following questions 
and exercises. 


Chapter 1 


Explain, in your own words, the meaning of “linear relationships.” 
What are the three components of a typical linear-programming 
problem? 

What does the term model mean to you? 

How would you classify the linear-programming model? Does this 
give you any idea of the limitations of linear programming? 

Solve Exercise 6 below, and identify the solution stages in terms of the 
various steps of analytical decision making discussed in Chapter 1. 


Chapter 2 


6. 


A manufacturing firm sells two types of plastic containers for 
household consumption. The firm's market potential] for these 
containers is unlimited. 

Each of the containers must be processed through two different 
machines, The relevant data on machine capacities, processing 
times, and profit contribution per unit are given in Table E 6. 
Using the graphical method, determine the optimal product mix 
under the following conditions: 

a. For the data given in Table E 6. 

b. The profit contribution of container A becomes 15 cents per unit. 

c. Containers A and B yield negative profit contributions (losses) 
of 10 cents and 5 cents, respectively. 


d. The capacity of machine A is increased to 2,500 minutes. us 
2 
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-Table E 6 


Processing time, minutes, y “ 
per unit of Available capacity 
per time period, 


minutes 


Machine 


Container A Container B 


1 
9 


CO 
Profit contribution per unit. . 


VAR 


^ Graph the following inequalities: 
2X + 6Y < 1,000 
X + 4Y < 400 


Interpret these inequalities in terms of the concepts of "candidates" 
and “resources” discussed in Chapter 1. 


The following algebraic statements represent a typical production 
problem which can be solved by linear programming. 
Maximize 3X + 4Y subject to 


5X + 8Y < 2,000 
3X + 10¥ < 1,000 
and X >0,Y>0. 
Solve this problem by the graphical method, and give some 


physical meaning to the algebraic statements, 
9. Graph the following inequalities: 


—X + 2Y > 100 
—3X + 4Y < 300 
4X + 6Y < 600 
X20 
Y>0 
a. Shade the area enclosed by 


b. Draw a straight line joinin 
(polygon). Does this line 


the above inequalities. i 
g ány two points in this shaded are 
he completely within the shaded are 
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10. A toy manufacturer makes two types of model plastic boats. The 
management of this firm is submitted the facts in Table E 10 con- 


Table E 10 


Process Available time, minutes 


Molding. inss acia 39] ere 
Sanding and painting. E 
AssembliDgscuses serie Rei rela ns 


Profit contribution per unit......... 


cerning the two products. Determine an optimal program for the 
production of these products for a given period of time. 

11. Design a linear-programming problem involving three competing 
“candidates” and two “resources.” Solve this problem graphically. 
Why can we not solve all linear-programming problems graphically? 


Chapter 3 


12. Solve Exercise 6 by the systematic trial-and-error method. 

13. What action is suggested by the signs of the coefficients of the 
variables (candidates) in the modified objective function at different 
solution stages of Exercise 12? How would you relate the coeffi- 
cients of the variables in the final objective function to the “mar- 
ginal” concept in economic theory? 

14. Solve the linear-programming problem of Table E 14 by the sys- 
tematie trial-and-error method. 


Table E 14 


Processing requirement 
for product 


Resource Capacity constraint 


I 
II 
Profit contribution per unit......-- $60 $100 


300 
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15. Solve the following linear-programming problem by the systematic 
trial-and-error inethod: 

Minimize 4X + 6Y subject to 
2X + 3Y > 60 

4X +Y>40 
and X 20,Y » 0. 

Give some physical meaning to the algebraic statementa of this 
problem, Does the procedure for minimization differ from the one 
employed in so] ing Exercise 6? If go, why? 

Chapter 4 
16. How does « determinant differ from a matrix? 
17. Consider the 3 X 3 matrix 
2 0 -1 
A=/1 2 4 
0 3 2 
Express A as a set of row vectors; as a set of column vectors. 
Find the determinant of A, 
18. Consider the following matrices: 
Oh P40) 2 4 
A=l/1 2 3 B=|3 0 
40 1 1 2 
1 4 
X= {1 2 ae i is Al 
T 4 0 —4 2 
140 100 
261-2 (Oy Dee al 
4 Find AB, BA, XY, YX, RS, SR, ABY, S?, and (A — R)S. 


Consider the following matrices: 


120 1 -8 3 
Aa Cee He gris i g 

02 8 OMIM 
Find AB and BA. What is the inverse of A? 


20. 


21. 


22. 


23. 


24. 
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Consider the following matrices: 


m 

ll 
[mr 

t2 w 
e o 
wre 
eT 
ies] 

ll 
[xag 3] 
Re Cc o 
mown 
t2 95 8 
LLÁÁ— 


[v 
———— 
S 
ll 
== 
ow 
m. e 
ow 
am 


Find the following: 

a. A + B, A +D, C — D, CA, CB, BVa, BV», V4B, and VA. 

b. kiA and Aki, where ki = 2. 

c. AT and B7. 

Explain the meanings of linear independence, vector space, and a 
basis for a vector space. 

Express 


10 
Po=| 4 
6 


as a linear combination of Pi, Ps, and Ps, where 


vf] mf) oH ndi 


What can you say about linear independence among Pi, Ps, Py 
and P,? Comment on your answer. t 
Distinguish between a minor and a cofactor; between the cofactor 
matrix and the adjoint matrix. 

Let 


2 0-1 
M e atte Dh A 
ONIS quito 


a. Find |A]. 
b. Find A cotactor and Aadi. 
£. Find A4-!, 
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25. 


26. 


27. 


Linear Programming 


Find solutions to the following systems of equations: 


a. 2X, + 6X. = 15 


ll 
= 
00 


b. 2X; + 6X, — X; = 15 
6X; + 3X. — X; = 19 


c. 5X1 + AX». + X, = 100 


2X: + 4X; = 80 

2X1 + 6X, = 90 
d. 5X; + 15X.: = 100 
2X2 + 4X; = 80 

2X, + 6X2 = 90 


e. Write the coefficient matrix for (c), and find its determinant. 

f. Write the coefficient matrix for (d), and find its determinant. 
Explain the differences among the following types of solutions to 
linear-programming problems: (a) feasible solution, (b) basic fea- 
sible solution, and (c) degenerate basic feasible solution. 

What is the relationship between the optimal solution of a linear- 


programming problem and each of the three types of solutions listed 
in Exercise 26? 


Chapter 5 


28. 


29. 


Solve Exercise 6 by the vector method, and compare the different 
solution stages with the corresponding solution stages of Exercise 12. 
Upon completing the construction of his home, Mr. Green discovers 
that 100 square feet of plywood scrap and 80 square feet of white- 
pine scrap are in usable form for the construction of tables and 
bookeases. It takes 16 Square feet of plywood and 8 square feet of 
white pine to make a table; 12 Square feet of plywood and 16 square 
feet of white pine are required to construct a bookease. By selling 
the finished products to a local unpainted-furniture store, Mr. Green 
can realize a profit of $5 on each table and $4 on each bookcase. 


How may he most profitably use the leftover wood? Employ the 
vector method to solve this problem, 
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Chapter 6 


30. 


31. 


32. 


At the refinery of the Northeastern Petroleum Company three 
grades of gasoline are produced: high test, regular, and below 
regular. To produce each grade of gasoline, a fixed proportion of 
straight gasoline, octane, and additives is needed. A gallon of 
high test requires 20 percent straight gasoline, 50 percent octane, 
and 30 percent additives; a gallon of regular requires 50 percent 
straight gasoline, 30 percent octane, and 20 percent additives; a 
gallon of below regular calls for 70 percent straight gasoline, 20 
percent octane, and 10 percent additives. It is known that North- 
eastern Petroleum receives a profit of 6, 5, and 4 cents on the high 
test, regular, and below regular, respectively. 

If the supplies of straight gasoline, octane, and additives are 
restricted to 6,000,000, 2,000,000, and 1,000,000 gallons, respectively, 
how much of each grade should be produced, in a given time period, 
to maximize profits and make the best use of the resources? Does 
this product mix make full use of the resources? 

The Martin Company, a diversified manufacturer, has recently 
started to produce razor blades as one of its products. At present 
the firm makes two types of blades, the “conventional” type that 
lasts for only a few shaves and the “stainless” type that enjoys a 
considerably longer life. The conventional type requires 8 units of 
carbon steel and 2 units of alloy steel per 100 blades, whereas the 
stainless type requires 4 units of carbon steel and 6 units of alloy 
steel per 100 blades. Asa result of a recent strike, the company has 
been left with an inventory of 24,000 units of carbon steel and 10,000 
units of alloy steel to be employed in the production of these two 
types of blades. How may the Martin Company best use the two 
resources:in order to maximize the profit on razor blades? Assume 
that a profit of $1.0 can be obtained on each 100 conventional 
blades, and $1.5 on each 100 stainless blades. 

An electronics firm is undecided as to the most profitable mix for 
its products. The products now manufactured are transistors, 
resistors, and electron tubes, with a profit (per 100 units) of $10, 
$6, and $4, respectively. To produce a shipment of transistors con- 
taining 100 units requires 1 hour of engineering service, 10 hours of 
direct labor, and 2 hours of administrative service. To produce 100 
resistors requires 1 hour, 4 hours, and 2 hours of engineering, direct 
labor, and administrative time, respectively. To produce one 
shipment of electron tubes (100 units) requires 1 hour of engineering, 
5 hours of direct labor, and 6 hours of administration. There are 
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33. 


3. 


100 hours of engineering services available, 600 hours of direct labor, 
and 300 hours of administration. What is the most profitable 
product mix? 

A manufacturer is faced with a decision as to the extent of finishing 
to perform on his products prior to sales, He may sell his products 
as (a) raw casting, (b) semifinished product, or (c) finished product. 

Each category requires the following amounts of work: (a) for 
raw casting: 5 hours of casting, 1 hour of machining, 1 hour of 
plating; (6) for semifinished: 5 hours of casting, 4 hours of machining, 
1 hour of plating; (c) for finished: 5 hours of casting, 4 hours of 
machining, 2 hours of plating. The cost per hour of production in 
each of the departments is the same. The profit per unit of sales is 
as follows: raw casting, $1.50; semifinished, $2.50; finished, $3.00. 
The manufacturer can sell all the items which he can produce, The 
casting department has a daily production capacity of 130 hours, the 
machining department has a daily capacity of 88 hours, and the 
plating department has a 40-hour daily capacity, 

How many products in each of the three categories should be 
manufactured in order to maximize daily profits from production? 
The Universal Electric Company manufactures heavy-duty appli- 
ances for household use. It also features different models to be 
built in when homes are constructed or remodeled. One appliance 
available to contractors comes in three models; the standard model, 
No. 520; the deluxe all chrome, No. 570; and the semicomplete, 
No. 1521. The No. 520 retails for $35, the No. 570 including 
attachments for $50, and the No. 1521 for $30, All three models 


contain the same materials, costing $1 per unit, in varying quantities 
as shown below: 


Model No. Materials needed, units 
570 20 
520 10 
1521 8 


35. 


Exercises 271 


Each product must also bear a portion of the overhead cost. 
Every unit of each model requires a fixed number of overhead hours 
equal to the sum of the direct-labor hours necessary to produce it. 
Overhead cost is then apportioned at the rate of $1 per overhead 
hour. Because of an aggressive sales campaign, management 


‘expects to sell everything that can be produced. However, owing 


to limited plant facilities and competing products, management can 
allocate only 3,000 hours of foundry time and 1,600 hours of 
assembly time for overall production of these models. In addition, 
there are only 2,400 units of material in stock and only 4,200 hours 
of budgeted overhead time. 

What is the most profitable allocation of the available resources to 

these models? 
The manager of the production department of the Lehigh Steel 
Company, Inc., has complete control of all functions within his 
department. He is mainly responsible for the scheduling of 
production. 

All production is for storage only, with fabrication to follow after 
a slight delay. The production schedule is thus unaffected by the 
pattern of orders, and the production manager is free to schedule 
production so as to maximize profit. 

For the current production period the company is concerned only 
with the production of nickel and chromium alloy steels. The 
production department receives 15 tons of nickel daily, along with a 
like amount of chromium. From these two alloying agents the 
company can produce alloy types 2010, 2020, and 1020. Alloy 
2010 requires 200 pounds of nickel and 100 pounds of chromium 
per ton. Alloy 2020 requires 200 pounds of nickel and 200 pounds 
of chromium. Alloy 1020 requires 100 pounds of nickel and 200 
pounds of chromium. The alloys net $25, $30, and $35 profit per 
ton produced, respectively. k 

Assuming that 2 tons of alloy 2010 must be produced, design the 


most profitable production program. 


Chapter 7 


36. Minimize 4X + 6Y + Z subject to 


X--2Y z 10 
Y + 4Z > 20 
3X + Z 2 40 
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37. 


38. 


39, 


and X 20, Y 20,2 70. Give some physical interpretation to 
the above algebraic statements. 
West Chester, a small eastern city of 15,000 people, requires an 
average of 300,000 gallons of water daily. The city is supplied from 
a central waterworks, where the water is purified by such conven- 
tional methods as filtration and chlorination. In addition, two 
different chemical compounds, softening chemical and health chemi- 
cal, are needed for softening the water and for health purposes. 
The waterworks plans to purchase two popular brands that contain 
these chemicals. One unit of the Chemco Corporation's product 
gives 8 pounds of the softening chemical and 3 pounds of the health 
chemical. One unit of the American Chemical Company’s product 
contains 4 pounds and 9 pounds per unit, respectively, for the same 
purposes, 

To maintain the water at a minimum level of softness and to meet 
à minimum in health protection, experts have decided that 150 and 
100 pounds of the two chemicals that make up each product must be 
added to the water daily. Ata cost of $8 and $10 per unit, respec- 
tively, for Chemeo's and American Chemical's products, what is the 
optimal quantity of each product that should be used to meet the 
minimum level of softness and a minimum health standard? 
The H.E.E. Construction Company is building roads on the side of 
South Mountain. It is necessary to use explosives to blow up the 
boulders under the ground to make the surface level. There are 


three liquid ingredients (A, B, C) in the liquid explosive used. It is 
known that at least 10 ounces of the 


results. If more than 20 ounces is 


damaging. Also, to have an explosion, at least + ounce of ingredient 


s ; , and at least 1 ounce 
of ingredient B must be used for every ounce of ingredient C, The 


costs of ingredients A, B, and C are $6, $18, and $20 per ounce, 


respeetively. Find the least-cost explosive mix necessary to produce 
a safe explosion, 


Minimize f(X) = 30X, + 20X; subject to 


Xi; +X:<8 
6X, + 4X, > 12 
5X; + 8X, = 20 


and X, > 0, X4 > 0. 


40. 
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Minimize fO) Er Wr 2X; subject to 


4X, — 2X: + 3X; 2 12 > 
-2X. +X: 28 
3X, +X.+ 6X3 2 18 


and X, > 0, X > 0, X» 2: 0. 


Chapter 8 


4l. 


42. 


43. 


` 44, 


Form the dual to Exercise 6. What economic significance can be 
attached to the dual variables? 
A small winery manufactures two types of wine, Burbo’s Better and 
Burbo’s Best. Burbo’s Better sells for $20 per quart, whereas 
Burbo’s Best sells for $30 per quart. Two men mix the two wines. 
Tt takes a man 2 hours to mix a quart of Burbo’s Better and 6 hours 
to mix a quart of Burbo’s Best. Bach man works an 8-hour day, 
with 30 minutes for lunch. The quantity of alcohol that the plant 
can use is limited to 18 ounces daily. Six ounces is used in each 
quart of Burbo’s Better, and 3 ounces in each quart of Burbo’s 
Best, How many quarts of each should the winery make? Solve 
this problem via its dual. 
Wung Lee’s Chinese Restaurant serves two types of chow mein, 
chicken and shrimp. There is a $2.00 profit on each pound of 
shrimp chow mein, anda $1.00 profit on chicken chow mein. From 
past experience Wung Lee knows that he should not make more 
than 10 pounds of chicken chow mein and 8 pounds of shrimp chow 
meineachday. The two cooks work an 8-hour day, with 30 minutes 
for lunch. A pound of chicken chow mein takes 2 hours to cook, 
Whereas a pound of shrimp chow mein takes 1 hour. How many 
Pounds of each type of chow mein should Wung Lee make? Utilize 
the dual approach in solving this problem. 
The Catchem Every Time Company manufactures two types of 
baseball gloves. The profit from the high-quality glove is $4.00, 
and the profit from the low-quality glove is $2.00. Machine A is 
the only machine on which these gloves can be made, It takes 30 
Minutes to manufacture à low-quality glove, whereas 2 hours is 
needed to make a high-quality glove. The plant works two 8-hour 
dg There is enough material to make 24 low-quality gloves per 
y. lt takes twice as much material to manufacture a high- 
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qualityglove. How many of each type of glove should the company 
make? Form the dual, and obtain the values of the dual variables 
from a regular simplex solution of this problem. 


Chapter 9 


45. 


46. 


4T. 


How can we detect degeneracy during the solution stages of a linear- 
programming problem? 

What can be said for the solution vector of a degenerate problem 
having n structural variables and m structural constraints? What 
happens if a linear-programming problem begins to cycle? 
Maximize f(X) = 10X, +30X. + 25X; subject to 


5X1 + 4X5 + 10X; < 40 
8X, + 2X.+ 9X; < 25 
Xı— X:— 3X;< 10 


and X: > 0, X: > 0, X; > 0. 

The Roadhog Truck Company manufactures two truck types, the 
Snort and the Razorback. The Snort is a 50-ton truck, whereas 
the Razorback is 40 tons. The company has unlimited demand for 
both trucks, but plant facilities limit production. Each truck must 
pass through the three departments of the plant. The man-hours 
needed for each truck and the total man-hours available per month 
are given in Table E 48. The profit from each Snort is $2,000, and 


Table E 48 


Department 


Man-hours needed per truck 


Man-hours available 
per month 


— 
1,000 
275 
335 


the profit from each Razorback is 


: $2,600. How should monthly 
production be scheduled to maximiz 


e profits? 
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49. The Wild Horses Oil Company makes three brands of gasoline: 
Man o’ War, Trigger, and Swayback. Wild Horses makes its 
products by blending two grades of gasoline, each with a different 
octane rating. Each brand of gas must have an octane rating 
greater than a predetermined minimum. In gasoline blending, 
final octane rating is linearly proportional to component octanes 
(ie., a blend of 50 percent 100-octane and 50 percent 200-octane 
gasoline is 150 octane). The other relevant data are given in 
Table E49aandb. There is no limit on the amount of each gasoline 


Table E 49a 


Blending component | Octane | Cost per gallon, cents Supply per week, gallons 


10 + 20,000 
10,000 


Table E 49b 

Brand Minimum octane | Sale price per gallon, cents 
Ly CS iG — 
Man o! War......... 180 24 
dere Wh ue 160 21 
Swayback. . .......... 140 12 


ie uris uc eae ee CUE ee Se 


that may be sold. Determine weekly production to maximize 
profits, 


Chapter 19 


30. Keller and Hogan Enterprises have manufacturing plants located 
m Newark, Atlanta, Cleveland, and Denver. Their market 
‘mands necessitate warehouses in Bethlehem, Chicago, Dallas, 
Kansas Cit; , and Seattle. Let the matrix in Table E 50 denote the 
maximum capacities of the respective plants and the demand 
requirements of the various warehouses. The small number in the 
right-hand corner of each cell represents the cost of shipping 1 unit 
from the particular plant to the given warehouse. Find the least- 

cost shipping assignment. 
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Table E 50 


Warehouse demand 


Warehouse Plant 


capacity 


8 
H 
d 


Newark 


Atlanta 


Cleveland 


Denver 


51. Solve Exercise 50 after making the initial assignment by Vogel's 
approximation method. 

52. Explain, in your own words, the parallel points in the transportation 
model and the general linear-programming model. 

53. Given the transportation-cost matrix in Table E 53, minimize the 
total cost of transportation consistent with the capacities of the 
origins and the requirements of the destinations. 

54. Assume that the payoffs in Exercise 53 represent profits. What, 
then, is the optimal shipping program? $ 

55. What happens if the initial assignment in a transportation problem 
gives less than m + n — 1 occupied cells, where m represents the 
number of origins, and n represents the number of destinations? 
How do we handle such a situation? 

Chapter 11 

56. The matrix in Table E 56 gives the cost of assigning a particular job 
to a specific machine. Make the necessary assignments to accom- 
plish all the jobs at a minimum total cost, 

57. 


Assume that the numbers in Table E 56 represent profits. Will the 
optimal assignment change? 


Table E 53 


Requirement 
Per time period 


D; 


D; 


D. 


Exercises 


PE Destination Capacity 
Origin per time period 


100 


277 
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58. The Lehigh Company is faced with the problem of assigning produc- 
tion orders for the next month to specific departments. Knowing 
how much it costs each department to produce each order, the 
company must determine the lowest cost of overall production when 
only one job is assigned to each department. Starting with the | 
matrix in Table E 58, explain how you would arrive at your final 
solution. Obtain the solution. 


Table E 58 


ESERENENEN 


Production order 


59. Solve Exercise 56 by employi: 
Section 11.11. What do the u 

60. Why do we face an inherent} 
ment model? 


ng the mathematical approach of 
78 and vj's represent? 
y degenerate situation in the assign- 
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LINEAR PROGRAMMING—ING An Introductory Analysis 
By N.P. LOOMBA, Lehigh University 


> 2 
Describes, analyses, and explains the basic elements of linear j 
programming. An extensive mathematical background is.not required. 
Various methods of solving linear programming problems have been 
illustrated by solving the same problems. The various solution stages 
of the graphical method, Systematic trial and error method, vector, 
method, and the simplex method are compared and givén economic 
interpretation. The integrated approach provides the reader with an 
easy transition from ordinary algebra to matrix algebra, which is so 


essential in understanding the nature of linear programming problems 
and their solution, : 
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